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Abstract

We develop a model of peer effects where each peer has a separate effect depending
on their rank in the distribution of peers’ outcomes. Our model admits a unique equi-
librium, and model parameters can be identified using peers’ exogenous characteristics.
To obtain a more parsimonious model of peer effects, we introduce a tractable specifi-
cation based on quantile-dependent peer effect coefficients, and develop a specification
test. Applying the model to several student outcomes in the Add Health data, we
uncover heterogeneous and often non-monotonic spillovers that cannot be captured by
existing models. Our results have direct implications for counterfactual analysis, sug-
gesting that a student’s influence in a network depends not only on network structure,
but also on that student’s position in the outcome distribution of their peers.
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1 Introduction

Economic agents are often connected. These connections raise important questions about
how linked units influence one another through spillovers and conformity, known as peer
effects. For example, we may expect a student to perform better academically if they have
a friend with high grades, or to get in trouble at school if the majority of their friends do.
These types of spillovers are inherently heterogeneous. The effect of each peer’s outcome on
the student’s outcome depends on the outcomes of all the peers of the student. However,
the existing models of peer effects either assume homogeneous effects from peers through the
linear-in-means (LiM) model (Manski, 1993) or impose strong parametric restrictions on the
underlying peer effects (Boucher et al., 2024). These models, when misspecified, may lead to
inaccurate counterfactual analyses. This greatly limits the scope for peer effect estimation
in empirical settings, where it’s well known that peer effects are heterogeneous (Sacerdote,
2011; Masten, 2018; Bramoullé et al., 2020).

Our paper fills this gap between theory and empirical reality by introducing a flexible
framework for the identification and estimation of heterogeneous peer effects. Our frame-
work, in its most general form, allows for each peer’s outcome to have a differential effect on
the individual, determined by their rank in the peer group of the said individual, in terms
of the outcome. The framework, therefore, allows for a type of endogenous heterogeneity
where the effect of one individual on another depends on the full distribution of outcomes
among each individual’s peers. The framework covers several special cases of endogenous
peer effects that are of empirical interest, such as quantile peer effects and extreme order
statistics.

In its most general form, our model can be motivated as a regression of an individual’s
outcome on the distribution of their peers’ outcomes. This is because ordered peer outcomes
have a one-to-one relationship with the (empirical) distribution of peer outcomes. As such,
our model allows for a wide range of peer effect patterns that are functions of the empirical
distribution of peer outcomes.

The generality of our model captures many economically relevant features of peer effects.
Firstly, our model allows for substitutability and complementarity among peers. Perfectly
substitutable peers, i.e., linear-in-means, and perfectly complementary peers, i.e., linear-in-
mins, are nested as special cases of our model.! Secondly, our model allows for returns to
scale in terms of the number of peers, as the total peer effect can be increasing in the number

of peers.

!By a linear-in-mins model we mean a model where the outcome is a linear function of the minimum
outcome of their peers. This model has previously been discussed in Tao and Lee (2014).



Importantly, our model allows for a non-monotonic marginal effect of peer outcomes. This
means that we do not impose that peers with higher outcomes necessarily have a greater
impact on an individual’s outcome than peers with lower outcomes, or vice versa. This
is a particularly distinct feature of our model, which is not shared by any existing models
for heterogeneous peer effects. For example, a recent and influential paper, Boucher et al.
(2024), models peer effects as linear in either convex or concave functions of peer outcomes.
This model recommends using the Constant Elasticity of Substitution (CES) aggregator to
measure the effect of peer outcomes. Since the CES function is either convex or concave, the

2 This is not true

marginal effect of peer outcomes in this model is necessarily monotonic.
in our model, as can be seen from a special case of it where an individual is only affected
by the peer whose outcome is the median among said individual’s peers. In this case, the
marginal effect of a peer’s outcome is zero for individuals who are not the median, meaning
the extreme outcomes have no impact on the peer effect, while the median has a non-zero
effect. These types of non-monotonic peer effects have been heavily discussed in theories on
social interactions, such as the theory of social comparison where peer influence is driven by
the outcome of a representative peer (Festinger, 1954). In this framework, the outcome of
this representative peer serves as a focal point for the group, and high outcome peers may
cause negative spillovers due to discouragement effects (Rogers and Feller, 2016).

This flexibility in our model does not just allow us to detect more varied patterns of peer
effects, but has direct implications for policy. Often, researchers want to estimate spillovers
to identify key players in the network (Ballester et al., 2006), optimal treatment assignment
(Galeotti et al., 2020), or to design optimal network allocations to improve outcomes in a
network (Carrell et al., 2013). In all of these cases, having a misspecified model for spillovers
can lead to sub-optimal or even damaging policies. For example, if a researcher uses a
linear-in-means model when the true model is linear-in-median, they may mistakenly target
treatment to the wrong individuals, when in reality these individuals have little influence on
the median and therefore the true spillover.

In the general version of our model, the dimension of the model parameter grows quadrat-
ically in the maximum number of peers, making interpretation and estimation challenging.
We therefore show how to construct lower-dimensional restricted versions of the model, with
a focus on interpolated quantiles. The quantile model allows us to capture peer effect hetero-
geneity by allowing peers to exert distinct influences depending on their location in the peer
outcome distribution. As the researcher needs to select the number of quantiles to include,
we develop a specification test that allows practitioners to decide between two potentially

misspecified models that do not nest each other. We then provide guidance for researchers

2This model also requires all outcomes to be strictly positive, which our model does not require.



in how to apply this test to select model specifications in practice. Our simulations indicate
that this model selection method performs well and has good power properties in realistic
settings. In our empirical application, we apply the quantile version of our model and use
the test to select the number of quantiles to use.

The primary contribution of this paper is to introduce and show the identification of a
general model of heterogeneous peer effects. This model allows for any type of spillovers that
can be represented through the empirical peer outcome distribution. Our identification result
makes use of the conditional distribution of the outcomes given the network connections and
the individual characteristics, with the network assumed to be exogenous. The steps of
the identification argument are as follows. First, we show that the general model admits a
unique equilibrium when the total incoming spillover from all peers is bounded, in absolute
value, by one for each individual. As in most nonlinear peer effects models, our identification
conditions rely on a high-level rank restriction (Brock and Durlauf, 2007; Yang and Lee, 2017;
Boucher et al., 2024). We show that this restriction is satisfied when the network includes
individuals who have friends-of-friends who are not their direct friends. This condition is the
same as that used to obtain identification in the LiM model (Bramoullé et al., 2009). Under
such a network structure, we show that the distribution of the exogenous characteristics of
these friends-of-friends can be used as instruments. We then construct moment conditions
to identify all the parameters of the model. This step relies on an instrument relevance
condition closely related to the equivalent condition of the LiM model. We also provide a
specification test of the model that allows practitioners to choose a model specification in a
data-driven way.

Our second contribution is to use our model to show that non-monotonic peer effects are
highly prevalent in real world network data. We do this by estimating a four-quantile version
of our model on 11 different outcomes in the National Longitudinal Study of Adolescent to
Adult Health (Add Health) dataset.® We then apply our estimator and find a wide range
of different spillovers. We find non-monotonic marginal effects of peers for most of our
outcomes, with the middle of the peer outcome distribution being the most important,
consistent with psychological models of peer effects (Festinger, 1954; Rogers and Feller,
2016). For example, we find that for smoking behavior, it is the middle of the distribution
that matters, while the minimum and maximum have no effect. Similarly, for academic
achievement (GPA), what matters is the 66th quantile, while the maximum has a small
negative effect. Existing methods such as LiM and the CES approach of Boucher et al.
(2024) would not be able to capture these spillover patterns as they show a pattern of

non-monotonic marginal peer effects.

3We choose four quantiles as our specification test selects four quantiles for almost all outcomes.



Beyond the parameter estimates, we show that the choice of peer effect model has strong
effects on estimates of policy objects of interest, like student influence. Using the empirical
results, we identify key players as the individuals whose removal of ties in the network yields
the largest changes in the outcome distribution. Identifying such nodes is important, for
example, for a social planner who is implementing targeted policies (Ballester et al., 2006;
Lee et al., 2021). The results indicate that node rankings based on influence differ between
the proposed model and the LiM and CES specifications, especially for outcomes that are
characterized by non-monotonic peer effects, which these specifications fail to capture. An-
alyzing such outcomes using the LiM or CES models can distort the identification of key
players, thereby reducing the effectiveness of targeted policy interventions.

The study of peer effects has been a large literature in economics (Bramoullé et al., 2020;
De Paula, 2020), with seminal contributions by Manski (1993); Sacerdote (2001); Bramoullé
et al. (2009). A strand of this literature has focused on estimating peer effects as non-linear
functions of peer outcomes, such as extreme values (Tao and Lee, 2014; Tatsi, 2015), the
proportion of peers above a cutoff (Kang, 2007; Guryan et al., 2009) or through quantile
regressions (Kang, 2007).* However, these contributions remain sporadic and disconnected,
lacking both a unifying framework and a formal theoretical treatment of the identification
and estimation challenges involved. This paper provides a rigorous treatment of peer effect
heterogeneity that the prior work has postulated informally, unifying the intuitions under-
lying the empirical practice in a tractable framework.

The rest of this paper is structured as follows. Section 2 discusses the model and its
implications, and Section 3 presents our formal identification results, specification tests, and
comparisons to other models. Section 4 presents and discusses our simulation results, and

Section 5 applies our methodology to the Add Health dataset.

2 Model

We consider a many-network setup with m networks in total, indexed by g = 1,...,m.
In the g-th network, there are ny units, indexed by ¢ = 1,...,n,. We assume independence
across networks, but not across units within a network. The network structure of the g-th
network is represented by an adjacency matrix A, = [a;;,]. We define a;;, = 1 if the

j-th unit in the g-th network is a friend (or peer) of the i-th unit in the g-th network, and

4 Another strand of this literature has also estimated heterogeneous peer effects based on latent traits or
observable characteristics, such as race or gender (Boucher et al., 2022; Comola et al., 2025). These models,
while conceptually related, do not directly map into our framework.



a; jq = 0 otherwise.” The network may be directed; i.e., a; ;, = 1 does not necessarily imply
a;;qg = 1. We also assume there are no self-links, meaning a;; , = 0 for every ¢ and g. The
network adjacency matrices {A,}7L, are observed. In addition to the network adjacency
matrices, we observe unit-level outcome y; , € R and unit-level control covariates ; , € R'.

In sum, the network dataset given in the econometric framework of this paper is

{A97 {yi,ga azi,g}?:gl ;nzl .

The theoretical results of Section 2 are discussed with regard to a single network. Therefore,
for notational brevity, we will suppress the network subscript g for the rest of Section 2.

In our model, the outcome y; of unit i depends on the outcomes of all their peers, i.e.,
all j such that a; ; = 1. We characterize this dependence in a highly flexible way, with every
peer having a separate effect on unit ¢ depending on the ranking of their outcome among
unit ¢’s friends. Specifically, let d; = Z?:l a; j denote the number of peers of unit 7, i.e., d; is
the row-wise sum of A. Let also d = max; d; be the maximum number of peers in the data.

Then, for each individual 7 and & = 1,...,d;, let y;; denote the outcome of the k-th
lowest-performing peer of unit 4; that is, g; 5 is the k-th lowest value in the set {y; : a; ; = 1}.9

Our model for y; can then be written as:

d;
Yi = Br.a; Uik + ]y + & + €4, (1)
k=1

for i = 1,...,n where &; is the average of peers’ control covariates’ and ¢; is an error term.
The peer effect coefficient 3y 4, captures the effect of the peer with the k-th lowest outcome
among the d; peers.® For example, if unit ¢ has three peers, 553 corresponds to the effect of
the peer at the median of the peer outcome distribution, whereas /3, 3 and (33 correspond
to the effects of the peers with the lowest and highest outcomes, respectively.

The flexibility of our peer effect model in (1) enables us to address key questions in the
peer effect literature concerning the complementarity and substitutability of peers’ contribu-

tions to y; (see, for example, Kang, 2007). When only the lowest-ranked peer matters (i.e.,

°In weighted networks, a; j , can take nonnegative values (not necessarily binary) to reflect the intensity
of the outgoing link from 4 to j. The results derived in this paper can also be extended to such networks.

6Tn case of ties, any peer may be selected as the lowest without loss of generality.

"We include this average to control for conteztual effects (Calvé-Armengol et al., 2009), as it is the most
common specification in the literature. However, the framework can easily be extended to have a similar
structure for peers’ covariates as we have for peer outcomes. Furthermore, our identification results do not
impose restrictions on 4§, allowing for § = 0.

8These effects depend on d; because, as the number of peers increases, the influence of each individual
peer may decrease.



Pra # 0 and B4 = 0 for all k& > 2), the peer effect reflects perfect complementarity, in the
sense that an individual’s outcome depends entirely on the weakest performer in the group.
Conversely, when all coefficients are equal across ranks (i.e., x4 = B 4 for all k, k), peers
are perfect substitutes, meaning that every peer outcome contributes equally.

The model of this paper nests many widely used specifications in the literature. For

example, the LiM model is a special case of our model, by letting 5; 4 = S for all k£, where [
is the single peer effect parameter in the LiM specification, capturing the effect of the peers’
average outcome. The linear-in-sums (LiS) model is a special case of our model as well, by
letting By 4 = B for all k, where 3 is the single peer effect parameter in the LiS specification.
In addition, our model nests models where the peer effect is decided by an extreme value,
such as the minimal and maximal peer outcome, by letting 8, 4 = 0 for every £ > 1 or k < d
(Tao and Lee, 2014; Tatsi, 2015).

While our model does not nest the specification of Boucher et al. (2024), in which the
peer effect is linear in a CES aggregation of peer outcomes, it allows us to capture similar
patterns as the CES model, as well as patterns that it cannot capture. The CES specification
is given by:

n p
yi = B ( %yf) +xTy + 20+ e,
j=1 "

where p is a substitution parameter. This specification nests the LiM model and allows for
non-linear effects. However, there are several patterns of peer effects that it cannot capture,
but that our model can. Since the CES function is either concave or convex, the marginal
effect of peer outcomes, meaning the first derivative of the CES function with respect to a
specific peers outcome, is always either monotonically increasing or decreasing. Specifically,
when p > 1, peers with higher outcomes exert greater influence on individual i, whereas
when p < 1, individual ¢ is influenced more by peers with lower outcomes. This means that
it must always be the case that a more extreme peer outcome has a larger impact than a
less extreme peer outcome. As such, the CES specification cannot capture non-monotonic
peer effects, which arise when individuals are most influenced by peers in the middle of the
outcome distribution.

In contrast, our model allows for both monotonic and non-monotonic marginal peer
effects, as can be seen through a simple example, the linear-in-median model.” In this model,
a peer’s outcome has a marginal peer effect equal to zero when it is so high or low that the

peer is not the median, but is non-zero when it is the median outcome among 7’s peers.

9To map the linear-in-median model to our framework, we set By q = ped whenever d is odd and

k= {%}7 and B4 = &;d when d is even and k € {%,% + 1}, and set Bi,q4 = 0 otherwise.



Importantly, the CES function, or any aggregator discussed in Boucher et al. (2024), cannot
allow for a pattern of marginal effects where neither the minimum nor maximum matters
while the total peer effect is non-zero. These types of non-monotonic marginal effects of peer
outcomes are natural in many settings with spillovers as they align with theories of social
comparison, which suggest that aligning with moderately performing peers, rather than with
outliers, can be socially or psychologically optimal (Festinger, 1954; Rogers and Feller, 2016;
Diel and Hofmann, 2019).

Imposing monotonicity, as in the CES and LiM specifications, when peer effects are
non-monotonic can have important policy implications. Since peer effects generate social
multipliers, they are often leveraged to increase the effectiveness of interventions. For exam-
ple, optimally assigning treatment within a network can substantially increase policy impact
(Galeotti et al., 2020). Likewise, identifying key players can facilitate the efficient diffusion
of information or behaviors throughout the network (Ballester et al., 2006). The optimal
targeting strategy, however, depends critically on the underlying structure of peer effects. In
the example above, where peers at the tails of the outcome distribution exert less influence,
the most effective individuals to target are likely to be those whose outcomes lie closer to
the center of the distribution. In contrast, the CES and LiM specifications instead predict
that peers at the tails of the outcome distribution are the most influential and therefore the
optimal targets for intervention.

Similarly, researchers have used peer effects to motivate interventions in the network
directly. A cautionary tale of such interventions is Carrell et al. (2013), who estimated a
linear-in-means using data on air force cadets to create optimal peer groups. However, they
then found negative effects for individuals assigned to these optimal groups. The authors
attribute this to endogenous network formation. Our model suggests it may also be due to
the underlying peer effect model being misspecified as this would make the treatment groups
non-optimal, even if the network formation behavior was not affected by treatment.

In our empirical application, we find non-monotonic peer effect patterns in over half of
the student outcomes we study. We then conduct a counterfactual analysis to identify key
players within the network and find that the CES and LiM specifications systematically
misidentify them. Consequently, our heterogeneous peer effect specification is not simply
a more granular representation of aggregate peer effects. It instead recovers features of
social interactions that are ruled out by existing models, and therefore leads to qualitatively
different policy prescriptions. Accounting for this heterogeneity is essential. Not just for
accurately characterizing peer influence, but more importantly, to support the design of
effective network-based interventions.

Furthermore, our model allows the outcome to take any value, while the CES specification



requires strictly positive outcomes. Additionally, there is no ‘return-to-scale’ element in the

CES aggregator.

2.1 Microfoundations

In this section, we present microfoundations for our peer effect model introduced above
using a complete-information game. In this game, each individual ¢ selects a strategy y;
(e.g., academic effort) and derives utility from the distribution of their peers’ strategies.
Preferences are represented by a standard linear-quadratic utility function, which is com-
monly used in the context of the linear-in-means (LiM) model (see Ballester et al., 2006;
Calvé-Armengol et al., 2009), in which we allow for each peer to exert a specific influence.

The utility function is given by:

d.
1 2 < ~
Ui(yi, Y—i) = i - yi — §yi + ;ﬁkydiyiyk * Yi, (2)
———— =

private benefit
social benefit

where «; is individual i’s type observable to all players, and y_; = (Y1, .- -, Yi—1, Yit1s-- -, Yn)T-
The type «; is generally specified as a linear function of observable characteristics «; and an
error term (e.g., see Blume et al., 2015).

The utility function is additively separable into a private benefit, which depends only on
individual ¢’s own effort y;, and a social benefit, which is a function of both y; and the effort

vector of other individuals, y_;. The private utility is linear in the individual’s type «;, and

1
the private cost (or disutility) of exerting effort y;, §yi2, is quadratic in y;. The social benefit

captures spillover effects on an individual’s effort through the peer effect ZZ;l Br,d; Uik, &
weighted sum of ranked peer efforts with the peer effect coefficients {Bk,di}gi:]_ as weights.
The parameters { Bk,di}zizl govern the degree of substitutability among peer efforts in the peer
effect construction as discussed above, and also the direction of spillovers onto individual
1’s own effort. Specifically, when individual j’s effort is ranked k-th among ’s peers, the
sign of By 4, determines the local spillover: B 4, > 0 indicates that individual j’s effort raises
individual ¢’s incentive to exert effort, while a negative weight indicates that it discourages
effort. Crucially, since the weight applied to individual j’s effort depends on its rank, the
spillover from any given peer is not fixed but varies with the efforts of all other peers.

The utility function shown in Equation (2) assumes that social benefits take the form
of spillover. We can further extend this by adding conformity to the social benefit as well.
While the extension yields a similar reduced-form equation, the implication for counterfactual

analysis is not the same (see Boucher and Fortin, 2016). In Appendix B.1, we discuss the



extension where both spillover and conformity coexist. Asin Boucher et al. (2024), we require
the presence of isolated individuals (individuals without friends) to estimate the shares of
spillover and conformity effects.

Individual ¢ chooses their effort y; by maximizing the utility function U;(y;,y—;). By
solving the first-order condition of this maximization problem, we obtain the best response
function: )

BRi(y-i) = Z B, Yi e + €. (3)
k=1
By defining o; = @/ + &;0 + ¢;, this best response function corresponds to our peer effect
specification in Equation (1). A strategy profile y = (y1, ..., ¥,)T is a Nash equilibrium
if y; = BR;(y_;) for all i. To establish the existence and the uniqueness of the Nash
equilibrium, we impose the following condition.

d
Assumption 1. The peer effect parameters satisfy the condition max E |Br.al < 1.
d<d
=% k=1

Assumption 1 ensures that a one-unit increase in peer outcomes does not lead to an increase
in individual ¢’s effort greater than one, regardless of their number of friends d;. This
requirement is standard in peer effect models to establish the existence and uniqueness of
the Nash equilibrium. In the LiM model, an equivalent condition imposes that the absolute
value of the (single) peer effect parameter is strictly less than one (see Bramoullé et al.,
2009).

Proposition 1. Assume that the preferences of each individual are characterized by the utility

function (2). Under Assumption 1, there exists a unique Nash equilibrium y* = (y5, ..., y:)7
such that yf = BR;(y*,).

Proof. See Appendix A.1. O

The key part of the proof of Proposition 1 is to show that the mapping

BR(y) = (BRi(y-1),..., BR.(y-n))"

is a contraction. That is, for any two strategy profiles y,y’ € R", |BR(y) — BR(y')| <
Blly — ¥'||ls, for some constant 3 < 1.'° Under this condition, BR has a unique fixed point,

which corresponds to the Nash equilibrium.

OFor any u = (uy,uz,...,u,) € R", the infinity norm of u is given by ||u/|s = max [wi].
sStsn

10



2.2 Empirical specification

The number of peer effect parameters in the fully saturated model is J(;—H), which is

challenging for estimation in most real-world applications where the maximum number of
peers, d, is large. This is the case in our empirical application where d = 10, which means
we would have 55 endogenous variables if we want to estimate the fully saturated model.
As this would make both interpretation and estimation challenging, we impose restrictions
on the parameter space to reduce the number of parameters. While there are many ways to
do this,'! we will focus on equally spaced, linearly interpolated quantiles as they are highly
interpretable, easy to implement, and used extensively in economics.

The quantile version of our model can be written as:

M

yi=> B+ aTy+ 276+, (4)
k=1

where ¢* is the (k — 1)/(M — 1) quantile among the peer outcomes for individual i for
k=1,...,M.'> For example, when there are three peers, i.e. d; = 3, and three quantile
variables, i.e. M = 3, we have ¢ = §;1,U} = U2 and g} = @;3, corresponding to the
minimum, median and maximum peer outcomes. When d; # M, we linearly interpolate.'?
Appendix E discusses the specifics of the linear interpolation in constructing {7F}L, in a
generalized manner.

There are several merits to the quantile model. Firstly, the quantile-based model is
nested in the fully saturated version of our peer effect model (1), since {§F}, are defined
to be linear combinations of {7}y ,. Therefore, the microfoundation from Section 2.1
and the identification results that will be discussed in Section 3.1 naturally extend to the
quantile-based model as well. Secondly, quantiles capture important features of the ordered
peer outcomes {gji,k}zizl, the median captures centrality, while the minimum and maximum
capture tail behavior, etc. Thirdly, with equally spaced quantile levels, the peer outcomes
that are not included in the restricted model lie between the chosen quantiles, making the in-
formation loss minimal. In our empirical application, we show that the quantile specification

can reveal many interesting patterns of peer effects.

UFor example, there are seven different ways of calculating quantiles in the literature (Hyndman and
Fan, 1996), all of which can be implemented using our results. The model also allows for non-quantile
restrictions, such as imposing different linear slopes for different sets of peers. Since our model also nests the
linear-in-means model, one could use such specifications to construct tests of the linear-in-means assumption.

2When M =1, §} = §i1.

13For example, to compute the 0.3 quantile among peer outcomes for individual i such that d; = 5, first
we find that ;2 is the 0.25 quantile and ¢; 3 is the 0.5 quantile. Then, 0.3 quantile can be computed as
(0.8 gi2+0.2-7;3), since 0.3 lies 20% of the way from 0.25 to 0.5.

11



The choice of whether to use a quantile model or a different specification is inherently
context-dependent. Even within the quantile specification, it is still necessary to pick the
number and the locations of the included quantiles. We therefore develop a specification test

to help practitioners make these decisions in Section 3.2.

3 Identification and Inference

In this section, we discuss the identification of the structural parameter ({{ Bratd_}d_,,
v, (5) in terms of network-level moments, under some normalization due to uneven network
sizes ng. As customary in the literature, we assume independence across networks and assume
that the network adjacency matrix and the network-level collection of individual-level control
covariates are exogenous. To provide empirical guidance on the tractable specification in

Section 2.2, we develop an encompassing test.

3.1 Identification

To simplify notation, we use E, to denote the conditional expectation of a random variable
given exogenous variables from the same network throughout the paper. For an arbitrary

random variable w, in network g, we write
Eg [wy] := E [wy| Xy, Ag]
where X, = (‘Bl,g e :cn%g)T. Note that E,[w,] = 0 also implies
Elwgl{@ig, ®i g, aijgi<ijen,] =0

as &; 4 is a deterministic function of x; , and A,. Also, we vectorize the peer effect coefficients

and the ranked peer outcomes

52(51,1 Pa1 Pog o Brag - BJ,J>T

~ _ ~ T
yi,g = (O e O yi,l,g e yi7di,g O e 0)

and let w; , = (Q{g, xi,, :Eing)T e R*5+2 We also denote by 0 = (B7,~7,07)T the vector

of all parameters. The rank-dependent peer effect model (1) can be rewritten as follows:

Yig = @Zgﬁ + -’BLgT’}/ + Z_U;g(s + €ig = UJLQT(Q +&; (5)

12



fori=1,---,n, and in matrix form:

~ — T
Yo=Y, B+ X+ X0+ e, =W, (51 77 57) +e,

~ T = T T
with Y, = <y1,g ynwg) , X, = <@Lg g;ng’g> , W, = <w1,g wng,g> and
T
Eg = <€1’g e gng’g> .
Assumption 2. (EXOGENOUS NETWORK AND COVARIATES) For each g = 1,...,m and
1=1,...,n,4

Eg[gi,g] =K [5i,g|Xg= Ag] = 0.

Assumption 2 rules out endogenous network formation and treats the network structure as
fixed, meaning it does not depend on the randomness in {¢;,}.,. While there have been
advances in analyzing peer effect models with endogenous network formation (Goldsmith-
Pinkham and Imbens, 2013; Hsieh and Lee, 2016; Johnsson and Moon, 2021; Jochmans,
2023), we instead focus on endogeneity in peer effects conditional on the network. To see
this, note that we can view our model as a second step of a two-stage process where firstly,
the network is formed and secondly, the peer effect is determined based on the connections
established in the first step. Models of endogenous network formation address endogeneity
in the first step, whereas our model addresses endogeneity in the second step by allowing
peer effect coeflicients to depend on {g;}! ;.

This endogeneity means that, although E/[y,] admits a linear representation, the quan-
tities entering the representation are not known functions of (X, A,). This is in contrast
to the LiM model, where E,[y,] is linear in X,, G,X,, G,°X,,... with G, = [aiyj,g/di,g} A
This is due to the rank-dependence of the peer-effect coefficients. Consider a simple network
with three individuals where individual 1 is friends with both individuals 2 and 3, but in-
dividuals 2 and 3 are only friends with individual 1.'° From Assumption 2, we obtain the

following;:

E, [11] = B12E [y21{v2 < ys} + y31{y2 > y3}]
+ BooBy [ys1{y2 < ys} + yol{y2 > ys}| + 1™y + z].

4\When di,g = 0, we follow convention and set g; , = 0.
15The network adjacency matrix is
1
0].
0

== O
o O =
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Substituting 51 1y1 + @27y + 230 + &2 for y, and similarly for ys, we get:

BEg (1] = Br2Eg [e21{y2 < y3} + e31{y2 > y3}]
3

+ B22Eqg [e31{y2 < ys} + e21{y2 > ya}] + Z (wz‘T% + 3732&)

i=1

for some 3, {#;}2_, and {4;}_,. Without further assumptions on the distribution of {&;}7 |,
the quantities such as E, [e31{y> < y3}] cannot be written as a function of observables
(X,,A,y). An exception occurs when ;5 = [a9, in which case the conditional expecta-
tions cancel out, reverting back to the LiM or LiS model. By the same argument, the
quantities entering the reduced-form representation of E,[W,] in our model depend on the
distribution of €; ; in a way that resists closed-form characterization without further distri-
butional assumptions.’® For this reason, Assumption 3 is stated directly in terms of E,[W]
rather than in terms of low-level conditions on the primitives.

The structural parameter 6 of our model (ﬁ, v, 6), or ({5k}£4:1, v, 6) in a quantile model,

is identified under the following conditions.
Assumption 3.

a. g4 (ng, Xy, Ay) ~ iid

m

1
b. plim — Z E,[W,]'E,[W,] is nonsingular.

Theorem 1 formally establishes the identification result.

Theorem 1. Suppose that Assumptions 1-3 hold. Then, 3, and ¢ are identified from the

moment condition below:

plim — ZE W0 = plim — ZE Yl (6)

m—oo TN m—oo TN

Proof. See Appendix A.2. O

Part b. of Assumption 3 provides a high-level condition for the identification of the
rank-dependent peer effect model. Deriving a low-level sufficient condition for Part b. of
Assumption 3 is nontrivial due to the rank dependence of the peer-effect coefficients. How-

ever, we believe it will still hold in many empirically relevant cases. Note that for this

16We show and discuss the closed-form characterization of our model in Appendix B.4.
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assumption to not hold means that Ey[g, |, ©:4, and Z; 4 are linearly dependent. If x;, and

x;, are not linearly dependent, which can be easily verified, then this must mean that
E, [gi,g]TB +xigY + jng =0, (7)

for some parameters 3, 7, and d such that 3 # 0. To see when Equation (7) does not hold
for all 7 and ¢, assume that ¢ has friends of friends, denoted by I, who are not direct friends
of 7. Changes in the characteristics x;, have no influence on x; , and &;, because [ is not
a direct friend of i. Equation (7) implies that the total variation in Eg[g)i7g]TB following
changes in x;, is zero. This would not hold in many contexts because individuals whose
outcomes determine g, , are friends of ¢, and some of these friends have [ as a direct friend.
Therefore, if contextual effects matter, changes in x; , are expected to influence the outcomes
of 4’s friends, except for special cases where the influence on each element of the vector y, ,
cancels out in E, [Qi,g]TB. This identification argument is also employed by Houndetoungan
(2026) and extends the result in Bramoullé et al. (2009), who use the presence of friends of
friends who are not directly friends to nonlinear models.

The presence of friends of friends who are not direct friends provides restriction exclusions
to construct instruments for g, ,. The natural instrument, Ey[y, |, cannot be used directly
because it is unobserved and cannot be calculated without making distributional assump-
tions about €; ,.'" However, as E, [@i,g] is determined by friends’ outcomes, we can use the
distribution of @; , and &, , for all j who are direct friends of ¢ to construct instruments. The
presence of friends of friends who are not direct friends ensures that &;, captures relevant
information excluded from «; , and &; . Given the nonlinear nature of our model, we use
the quantiles of these distributions, for example the deciles of x; , and &; , among friends, as
instruments. The strength of these instruments can be easily tested in practice using weak
instrument tests.

Given the constructed instrument, Z,, 6 can be easily estimated using a two-stage least
squares (TSLS) estimator. Consistency and asymptotic normality of the IV estimator in
this setting follow from standard arguments for IV estimators. In particular, under Assump-
tion 5, the sample moment matrices formed from {Z, VVg}gL1 converge to their population
counterparts with full rank, and the sample orthogonality condition between instruments
and errors holds. As a result, the TSLS estimator is consistent for # and satisfies a central

limit theorem under some regularity conditions. For completeness, Assumption 5 and formal

"When errors are iid within a network and homoskedastic, E,[; ,] is the optimal instrument, as shown
in Chamberlain (1987). As shown in Appendix B.4, it does not have an easily computable closed-form even
when model parameters are known. Furthermore, assuming iid and homoskedastic errors is a very strong
assumption in a network setting.
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asymptotic results with their proofs are provided in Appendix B.3.
Finally, a popular empirical practice given a network dataset with many networks is to

include network fixed-effects ay, giving us the model:
Yig =g+ Y] LB+ Ty + X0+ ey
fori=1,...,nyand g =1,...,m. By demeaning at the network level, we obtain
Yig — Yg = (gi,g - '?/g)T B+ (xig — ig)T v+ (Zig — ig)T 0+cig— &g

fori =1,...,n,and g = 1,...,m. Theorem 1 can be directly extended to a setup with
network fixed-effects by replacing W, with its demeaned counterpart in Part b. of Assump-

tion 3.

3.2 Encompassing Test on Empirical Specifications

In Subsection 2.2, we propose a quantile restriction on the fully saturated rank-dependent
peer effect model, for parsimony and tractability. While certain empirical contexts may
naturally call for a particular empirical specification, such as the max or min specification,
there are many empirical contexts that offer little basis for imposing such a priori quantile
selections. Therefore, in this subsection, we introduce an encompassing test which provides
guidance on the choice of location and number of quantiles, based on Smith (1992), and
develop a data-driven specification selection procedure.'®

The encompassing test we propose compares a pair of candidate specifications, treating
one as the null hypothesis and the other as the alternative. Importantly, the test does not
require the alternative specification to nest the null specification. Moreover, consistency of
the test does not depend on the alternative specification being correctly specified. Instead,
we use the alternative specification as a lens to evaluate the null specification. Therefore,
the procedure can be used to compare non-nested quantile specifications, such as a three-
quantile model with quantiles at {0,1/2,1} and a four-quantile model with quantiles at
{0,1/3,2/3,1}. In this example, the test remains consistent even if the true model is not
the four-quantile specification as long as the true model differs from the three-quantile spec-
ification from the perspective of the four-quantile specification.

Let hy and hy denote the two empirical specifications that we compare with the encom-

passing test, with h; being the null specification and hy being the alternative. Given h; and

18This test can also be used to test non-quantile variations of our saturated model (1). As we use quantiles
in our empirical application, we will focus our discussion on this case.

16



ha, we will have two sets of endogenous variables. Let {W;}7, and {W?}™  denote the
explanatory variables and {Z;}7", and {Z2}7", denote the instruments, respectively under
hy and hy. When h; and/or hy refer to a quantile-based model, the endogenous variables
will be constructed from {w; };, per the quantile construction as discussed in Subsection
2.2.

The encompassing test (Smith, 1992) is implemented as follows:

1. Regress y, on W}, using Z} as instruments:
1 & 1 & T
Al 1\ ~1 1Trz1 1Tzl 17
0 —(H) 'Ezwg Zg(EZZg Zg) Ezzg Yg
g=1 g=1 g=1

where H! = LS WITZ! (LS~ 7Z1771) "' LS ZITW!. @' is the TSLS esti-

mator for the model parameter in the null specification.
2. Construct the residuals from the null specification: é; =y, — W

3. Regress &, on W2, using Z? as instruments:
1 & 1 & T
r_ 2\ 1 2T rz2 2Trz2 2T 21
w_(H) '%ng Zg(EZZg Zg) EZZQ &
g=1 g=1 g=1

m m -1 m
where H? = LS 'W2TZ2(L Yy 72172) 7' LS 72T,

4. Construct a Wald statistic based on 2@ Reject the null specification when the resulting

Wald statistic exceeds the critical value from an appropriate chi-squared distribution.

é; is the remaining variation in y, that is not explained by the patterns of peer effect
allowed in the first model specification hy. If there are features of the true peer effect model
that the first model specification h; fails to capture but the second model specification ho
does capture, €, will be correlated with Wg, leading to 1& being centered around a nonzero
vector.

In Appendix B.5, under some regularity conditions, we formally show that @ is asymp-
totically normal with a consistently estimable asymptotic variance matrix. This result does
not require either of the models hy or hy to be correctly specified. The asymptotic theory
accounts for the estimation error in €, and so does our asymptotic variance estimator. If the
true peer effect model cannot be well approximated to the null specification h; when assessed

through the alternative specification hs, 1/; is centered around a nonzero vector, giving us
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consistency of the test.!

3.3 Comparison to Other Peer Effect Estimands

A natural question, given that our model generalizes the standard LiM model, is to what
extent existing estimands recover the key parameters of interest from our model. A com-
monly accepted minimal standard for such estimands is that they represent weighted averages
of the underlying heterogeneity, such as in the analysis of instrument variables (Mogstad
and Torgovitsky, 2024) or the analysis of Difference-in-Differences estimands (De Chaise-
martin and d’Haultfoeuille, 2020; Goodman-Bacon, 2021). To explore this, define X“M =
<X GX) and XHS = (X AX), with network-level counterparts X;iM = (Xg Gng)

v LiS . . .
and X = (Xg Ang>, and the population regression coefficients

for the LiM and LiS models. We can then define the standard LiM estimand in a just-

identified case as follows:

BLiM — (

S-

1
= SLiM ) T 1 & SLiM ) T
Su (@) aw]) 53w ()5
g=1 g=1

where

SLIM S LiMpLiM

ZuM — 7, — XLVp

given some set of instruments {Z,}7", and similarly for the LiS model by replacing G, with
A

g-
Assumption 4.

i There exist instruments {Zy}7L,, known functions of (Xy, A,), satisfying
1 & ~ o\ T
o 2B |(Z) Gy
g=1

s nonsingular.

19The role of the alternative specification ho is not to provide a true model, but to provide a criterion to
compare the true model with the null specification h;.
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i There exist instruments {Zg}y,,

i3 (E) A

known functions of (Xy, A,), satisfying

s nonsingular.

These conditions are the instrument relevance conditions used for the LiM model and the
LiS model, as shown in Bramoullé et al. (2009).

Proposition 2. Under Assumptions 1, 2 and /-,

d d
pUM _ ZZ d~ﬁk,d+0p(1)

d=1 k=1
where Zd L Zk L wit =1 and w{;lévl < 0. Similarly, under Assumptions 1, 2 and j-ii,

d d
BYS =N wi Bra + 0p(1)

d=1 k=1
where Zd S L wis =1 and wi'y 0.

Proof. See Appendix A.3. ]

Note that, in the case of LiM misspecification, the weights are applied not directly to S 4 but
to d - By q. The rank-dependent peer effect coefficient ;4 represents the impact of a single
peer outcome when there are d peers in total, so it should be rescaled by d to interpret it as
a coefficient on a ‘representative’ or ‘average’ peer. For instance, when 1 4=+ = 844 = 3,

we have:
d
Z Br,a¥ik = dBYi,
k=1

where the coefficient on the average peer outcome is dfy 4.

Proposition 2 demonstrates that both the LiM estimand ™M and the LiS estimand g3
are weighted sums of the rank-dependent peer effect coefficients {Sj 4}x 4. While the weights
sum to one, which is reasonable, there is no guarantee that the weights have the same sign.
As a result, it is possible for all 8, 4 to be positive, while the LiM estimand Y™ is negative,

and vice versa. The expressions for the weights are provided in the Appendix.
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4 Simulation

In this section, we investigate the finite sample properties of our estimators and compare
their performance to existing estimators, specifically the CES approach of Boucher et al.
(2024), under various data-generating processes. To ensure our approach is as close to real
empirical settings as possible, we will design the setup of the simulations to be as close as
possible to the empirical application.

As most empirical applications contain many small networks, we generate networks of
size ng = 50 and vary the number of networks, m. To generate networks, we generate the

links based on a logit model, defining
aijg = H{=3+7ij9 < vijg}

with v; ;4 S logit is an unobserved shock and r;;, ~ N(0,1) is a covariate. When we
estimate the fully saturated version of our model, we will limit the maximum number of
links in the network, d, to 5. This is achieved by dropping links from individuals with more
links than d until all individuals have at most d links. This procedure generates a network
with a roughly uniform degree distribution, with a small share of individuals in each network
having zero links. For the results in this section, we fix the networks across simulations.
Our model specification uses the quantile specification from Section 2.2, with equally
spaced quantiles. We primarily use four quantiles at {0,1/3,2/3,1}. This gives the outcome

equation
4
Yig = Z 5%59 + NT1ig T V2T + 017149 + 02To4g + flg + Eig
k=1

where §¥ is the (k — 1)/3-th quantile of peer outcomes for unit i, z1;, and x4, , are the two
covariates for unit ¢, and p, is the network fixed effect for network g. The fixed effects are
drawn from a uniform distribution on the interval [8, 10]. This ensures that the outcome is
always positive, which is necessary for the CES-estimator to be well defined. The continuous
covariate ;4 is normally distributed with a mean equal to the fixed effect and a variance
equal to one, while the discrete covariate xo; 4 is distributed Poisson with a mean equal to 2.
We also include contextual effects z, ; , and Z; 4, the average covariate values for all i’s peers,
for each of our two covariates. The error term ¢; is generated from a normal distribution
with variance equal to 1. The coefficients on the two covariates are v = 1.5 and v = —0.8,

respectively, and the coefficients on the two contextual effects are 6, = —0.5 and d, = 1.2,
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where the values are set to be similar to the patterns we see in our empirical application.?’

To avoid unnecessary repetition in our tables, we will only show results for a subset of 5 for
the saturated model.

We apply both the correctly specified quantile model and the fully saturated rank-
dependent model to estimate the peer effect in simulated samples. Since the fully saturated
model nests any quantile model, the fully saturated model is also correctly specified. Given
a quantile specification, we calculate the corresponding parameter values of 3 4 as the true
values used to calculate bias and MSE for the saturated model.?’ In the saturated rank
model, we use the peer covariates and contextual effects as instruments, ordered by the
values of each variable. Since we have two covariates, this yields 42;7:1 d instruments in
total. For the quantile models we instead use the 4 quantiles of the covariates and contextual
effects as our instruments, giving a total of 16 instruments.

Table 4.1 gives the results for TSLS for the saturated rank model in Panel A and the
quantile model in Panel B.?? Each row gives the values for a given parameter S 4 or 3.
Across the columns, we increase the sample by gradually increasing the number of networks
from 5 to 100. These sample sizes therefore go from relatively small to approaching larger
network datasets, though the networks are still small. For comparison, in our empirical
application we will have 141 networks (schools) with an average size of 531.

In Panel A we see the results for the rank model for the parameters f;2 and fi5. As
expected, all of our estimators are consistent, though we do see some small biases for the
smaller sample sizes. Interestingly, the parameters [3; o are generally better estimated than
Brs- This is because there are effectively only two endogenous variables to estimate on the
subset of d; = 2, while there are five for individuals with d; = 5, but there is roughly a similar
number of observations since the degree distribution is roughly uniform. However, for both
groups of parameters we see that estimation error, as measured by the MSE, decreases as
the number of networks increases.

The results for the saturated model also reveal an interesting dynamic where the precision
of the parameters depends on the ranking, with fs5, 835, 845 having three times the MSE
of the endpoints 3,5, 355. This is because the identity of an individual’s 2nd, 3rd, or 4th
ranked friend is more dependent on the shocks compared to the highest or lowest ranked
friend. This difference persists even as the sample size increases.

Comparing the quantile to the rank model, we see that the quantile model generally

20Supplementary Appendix C shows all results from this section excluding these contextual effects, i.e.,
setting 51 = (52 =0.

H¥or d; = 1, B11 = B + B + B2 + B3; for d; = 2 we get B2 = B + 0.668" + 0.3332 and so on.

22In Supplementary Appendix C, we show that the OLS estimator is, as expected, biased in both the
saturated and quantile versions of our model.
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Table 4.1: Finite sample performance of Rank and Quantile models

Bias MSE

o @ 6 @ 6 © @ © 9 0

Panel A: Saturated model

Bi2 0.007 0.001 0.002 -0.001 0.000 0.010 0.010 0.005 0.002 0.001
B22 0.003 0.005 0.001 0.002 0.000 0.009 0.009 0.004 0.002 0.001
B15 -0.010 0.002 0.010 0.001 -0.001 0.035 0.025 0.040 0.013 0.011
B25 0.023 -0.005 -0.016 -0.000 0.000 0.087 0.083 0.109 0.064 0.072
B35 -0.019 0.008 0.010 -0.006 0.003 0.101 0.130 0.122 0.111 0.110
Bas 0.005 -0.003 0.004 0.009 -0.001 0.101 0.103 0.089 0.086 0.061
Bs5 0.011 0.004 -0.006 -0.003 -0.001 0.047 0.030 0.027 0.018 0.010

Panel B: Restricted model

Br,  0.005 -0.002 0.003 0.000 -0.000 0.019 0.016 0.014 0.006 0.003
Br, -0.006 0.004 -0.008 -0.001 0.001 0.089 0.109 0.090 0.041 0.021
Br,  0.004 0.004 0.007 0.002 -0.000 0.104 0.113 0.078 0.038 0.023

Br, -0.000 -0.003 -0.001 -0.001 -0.000 0.024 0.018 0.011 0.006 0.004

Ng ) 10 20 50 100 ) 10 20 50 100

d 5 5 5 5 5 5 5 5 5 5

Notes: The data generating process is the quantile model with 8, = (—0.5,0.35,0.15,0.1). n, gives the
number of networks used in the simulation and d is the maximum number of peers for each individual.
All the simulations include network fixed effects. The instruments used is the distribution of the peers
covariate values, as measured either by the ranked peer covariate values or the quantiles of peer covariate
values. The results are based on 10,000 draws.

performs better in terms of MSE, and improves faster as the sample grows. We see a similar
pattern as before when comparing the middle to the extreme quantiles, with 32, 8 having

a relatively lower precision compared to 8!, 5%, especially at smaller sample sizes.
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Table 4.2: Monte Carlo Simulations — Encompassing tests

2 qtls. vs. 3 qtls. 3 qtls. vs. 4 qtls. 4 qtls. vs. 5 qtls.
5% 10% 5% 10% 5% 10%
DGP A: 8 =(0,0.05,0.2,0.3)

1.000 1.000 0.105 0.180 0.011 0.020
DGP B: g =(0.3,0.2,0.05,0)

1.000 1.000 0.914 0.953 0.013 0.026
DGP C: g = (0,0.275,0.275,0)

1.000 1.000 0.994 0.998 0.009 0.021
DGP D: g = (0.275,0,0,0.275)

0.011 0.023 0.008 0.017 0.013 0.025
DGP E: 8 = (—0.05,0.35,0.15,0.1)

1.000 1.000 1.000 1.000 0.009 0.021
DGP F (LIM model): 8 = 0.55
1.000 1.000 0.961 0.984 0.442 0.574

The columns labeled “a qtls. vs. b qtls”, for integers a and b, report the share of
rejections of the null hypothesis that the model with a quantile levels does not per-
form worse than the model with b quantile levels, at the significance levels indicated
in the second row.

4.1 Model selection

Implementing our estimator requires the researcher to select how many quantiles they
want to include in the model. Table 4.2 shows the rejection rates for the encompassing test
from Section 3.2. We run these tests for 6 different DGPs, four DGPs with four quantiles as
the true model, one with only the min and max peer outcome mattering, and the Linear-in-
Mean model.

Focusing first on the first three rows, we see that the model always rejects the null
hypothesis of 3 quantiles in the true DGP. Similarly, we almost never reject the null of 4
quantiles, with rejection rates being fairly steady at around 0.2«.. This seeming contradiction
of conservative coverage but high power likely stems from the large difference between our
two hypotheses. This result is not driven by the structure of the peer effects, as can be seen
from the remarkably stable results across DGP’s A, B, C, and E. It is also not driven by
having 4 as the true number of quantiles in the DGP, as DGP D shows that when the true
number of quantiles is 2, the test does not reject keeping 3 quantiles over 4.

In total, these results indicate that as long as the true DGP is some number of equi-
spaced quantiles, this test is capable of distinguishing the correct number with a large degree
of power. However, this is not the case when the model is misspecified, as is the case in DGP

F. To capture the mean peer outcome we would need an infinite amount of quantiles, which
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is clearly infeasible. As one may therefore expect the test consistently prefers more quantiles.

4.2 Comparison to the CES estimator

Our next simulation compares the ability of our estimator to capture different patterns
of peer effects in comparison to the other two main estimators in the literature, the LiM
model and the CES estimator of Boucher et al. (2024). We will do this by simulating data
from our DGP and then estimating the quantile version of our model, the CES model, and
the LiM model on the simulated data. Since we do not estimate the saturated model in this
exercise, we no longer limit the maximum number of links, d, to 5. Other than that, the
network formation model is the same as in the rest of this section. In most simulations, most
individuals have between 0 and 3 links, with the maximum number of links being 12. This
is similar to the degree distributions we see in our empirical application.

Table 4.3 shows the results from estimating our quantile estimator and the CES estimator
on the same data. DGP A and B both have monotonically increasing or decreasing peer
effects. Our estimator fully captures these effects. These effects are also well captured by
the CES aggregator, which is able to correctly assign p > 1 for the increasing case and p < 1
for the decreasing case. In both cases, however, it still is not able to fully capture the total
effect coming from the peer effects, which equals 0.55 across all our DGPs. The LiM model
similarly struggles for both these DGPs, either underestimating or overestimating the total
spillover in the data.

DGP C and D instead put all the weight on either the middle or extremes of the dis-
tribution. Importantly, our estimator is fully able to estimate the zeros in the parameter
space, correctly identifying the parts of the peer outcome distributions that have no effect on
an individual’s own outcome. Interestingly, the LiM model performs much better for these
symmetric cases, implying the LiM model is more able to approximate the true peer effects
when they are symmetric, with the peers around the median having the largest weight. The
CES estimator, however, struggles with these cases. Since neither of these cases has con-
cave or convex peer effects, the assumptions of the model do not hold. This leads to the
CES estimator wrongly estimating that higher peer outcomes are more important in DGP C
(p > 1), and that lower peer outcomes are more important in DGP D (p < 1), despite this
not being the case for either DGP.

DGP E introduces peer effects of different signs, by having the lowest peer outcome have
a negative effect while the other quantiles have a positive effect. Our estimator is fully able to
capture this pattern, and since the majority of the weight is on the middle of the distribution,

the LiM model also performs decently. The CES estimator wrongly fits a positive p, implying
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Table 4.3: Monte Carlo Simulations — Estimation of the Quantile Specification

Quantiles LIM CES
g 82 8? leh B p B
DGP A: 5= (0,0.05,0.2,0.3)
-0.000  0.050 0.200 0.300 0.386 30.057  0.562

(0.005) (0.023) (0.044) (0.028)  (0.020)  (8.914) (0.011)

DGP B: 8 = (0.3,0.2,0.05,0)
0.300  0.200  0.050  -0.000 0.715 -6.383  0.502
(0.008) (0.033) (0.058) (0.033)  (0.022)  (9.338) (0.029)

DGP C: 8 = (0,0.275,0.275,0)
0.000 0275 0275  0.000 0.476 3.057  0.554
(0.006) (0.025) (0.048) (0.030)  (0.013)  (0.275) (0.010)

DGP D: 3 = (0.275,0,0,0.275)
0.275  -0.000 -0.000  0.275 0.635 1714 0.511
(0.006) (0.028) (0.052) (0.031)  (0.014)  (0.253) (0.014)

DGP E: 8 = (—0.05,0.35,0.15,0.1)

0.050  0.350  0.150  0.100 0.434 5004  0.561
(0.006) (0.024) (0.047) (0.029)  (0.016)  (0.575) (0.010)

DGP F (LIM model): 8 = 0.55

0112 0196  0.098  0.144 0.550 1.002  0.550
(0.006) (0.028) (0.052) (0.031)  (0.008)  (0.130) (0.010)

The models are simulated and estimated 1,000 times. Values without paren-
theses represent average peer effect estimates, while those in parentheses cor-
respond to standard errors. The instrument matrix includes the quantiles of «
and & among friends, computed at ten levels uniformly spaced between 0 and
1. DGPs A-E are generated from the proposed quantile-based model, with four
quantiles at {0, 1/3, 2/3, 1}, and 8 = (8%, B, %, %) is the vector of peer
effects at each quantile. DGP F follows the standard LIM model with only
spillover effects, where 8 = 0.55. All estimations account for unobserved sub-
network heterogeneity using fixed effects.

peers with higher outcomes are more important for the spillover. This is likely due to the
sharp increase in the peer effect from the lowest outcome friend (8') to the 33% quantile
(8%). However, it completely contradicts the true DGP where the most influential peers are
those at the second quantile.

Finally, we simulate the data from a LiM model. As expected, both the LiM model and
the CES model are able to fully capture the spillover, and the CES correctly identifies that
p =1, i.e., a LiM model. Though the quantile version of our model does not nest the LiM

model, it still estimates a roughly uniform effect of peers. This is an important reminder
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that restrictions can reduce the performance of our model if the added restrictions are not

correct, though the model can still recover meaningful results under misspecifications.

5 Empirical Application

In this section, we present an empirical application using the Wave I dataset from the
National Longitudinal Study of Adolescent to Adult Health (Add Health). We examine
several outcomes and show that the quantile model captures diverse patterns of peer effects
that challenge existing specifications. To illustrate the effectiveness of our approach, we also
conduct a counterfactual analysis, demonstrating that ignoring these patterns can lead to

the misidentification of key players and reduce the impact of targeted policies.

5.1 Add Health Data

Wave I of the Add Health survey provides nationally representative and detailed infor-
mation on 7th-12th graders from 144 schools during the 1994-1995 school year in the United
States (US). Approximately 90,000 students completed a questionnaire covering demograph-
ics, family background, academic performance, health-related behaviors, and friendship links.
Each respondent could nominate up to five male and five female best friends within the same
school.?

We study 11 outcomes, including grade point average (GPA), academic effort, participa-
tion in extracurricular activities, future expectations, trouble at school, smoking, drinking,
risky behaviors, self-esteem, physical exercise, and fighting. All of these outcomes, except
for future expectations, have been studied by Boucher et al. (2024) using the CES model.
The future expectations outcome is constructed as the sum of binary indicators for whether
students believe they will live to age 35, avoid HIV /AIDS, graduate from college, and have a
middle-class family income by age 30. We control for several exogenous variables, including
student age, grade, sex, race, Hispanic ethnicity (Spanish-speaking), and mother’s education
and employment. We also control for contextual variables, defined as the average of the

exogenous variables among a student’s friends.

23The dataset has some limitations that merit discussion. First, some referred friend identifiers are missing
and are therefore removed from the network. Recent literature proposes methods to address this issue;
however, most of these approaches focus on linear-in-means models and cannot be easily extended to nonlinear
settings (e.g., Lewbel et al., 2023; Herstad, 2023; Boucher and Houndetoungan, 2025). Second, the observed
degree is censored, as students can nominate up to ten friends. However, only 1.12% of students reach this
maximum. To maintain focus on the main objective of the paper, we do not address this censoring issue.
Despite these limitations, it is worth noting that the Add Health dataset remains the most comprehensive
network dataset that is currently available for studying peer effects.
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After removing observations with missing values, the final sample comprises approxi-
mately 75,000 students from 141 schools. The average number of friends per student is 3.47;

22% of students have no friends, and approximately 64% have four friends or fewer.

5.2 Empirical Results

The estimation results for the quantile, LIM, and CES models are summarized in Ta-
ble 5.1, and the specification tests are presented in Table 5.2.2* The quantile levels are
evenly spaced from 0 to 1. The p-values for the encompassing test in Table 5.2 indicate
that the specification with three quantiles is often rejected in favor of the one with four
quantiles, whereas the specification with four quantiles is generally not rejected against the
one with five quantiles. Two exceptions, however, are the outcomes trouble at school and
risky behaviour, for which the specification with four quantiles is still rejected in favor of
the one with five quantiles at the 5% level. We consider a specification with four quantile
levels throughout the main empirical analysis and present results based on the five-quantile
specification in Table D.2 in Appendix D.?

The CES specification restricts peer effects to be monotone across quantile levels. To
compare the quantile specification results to those of the LIM and CES models, we perform
monotonicity tests (see Table 5.2). Specifically, we test whether peer effects are uniform,
increasing, or decreasing across quantile levels. For the increasing (respectively decreasing)
test, the null hypothesis is that 8! < --- < 8% (respectively B! > --- > p1). We test these
inequality restrictions using a Wald-type criterion (see Kodde and Palm, 1986).

Our instruments include the quantiles of x and & among friends and friends of friends,
computed at ten levels uniformly spaced between 0 and 1.2° Given that we have several
endogenous variables, we assess instrument strength using the rank Wald test proposed by
Kleibergen and Paap (2006). This test yields large test statistics, suggesting that the model
does not suffer from weak instrument problems.

The decomposition of peer effects across peer outcome quantiles reveals several patterns.

A prevalent pattern is one in which mid-level outcomes tend to be the most influential, while

24Note that the estimates for the CES model differ from those reported by Boucher et al. (2024) because
their model does not control for contextual effects.

25As a robustness check, we also estimate a four-quantile model on the subsample of nonisolated students;
that is, students who have at least one friend (see Table D.2 in Appendix D). Our results are robust to the
removal of isolated students.

26This procedure generates approximately 600 instruments. This is less than 1% of the size of our dataset
in every specification considered, meaning the many-instrument bias discussed in the literature (Bekker,
1994; Newey and Smith, 2004) should not be present. As a sanity check, we also compare our estimates to
the OLS estimates in the Supplementary Appendix Table D.3 and find that they are statistically significantly
different from the IV estimates for every outcome.
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students appear largely insensitive to peers at the lowest or highest ends of the outcome dis-
tribution. This pattern is observed for GPA, extracurricular activities, trouble at school,
physical exercise, and self-esteem. Unsurprisingly, the monotonicity hypothesis is rejected
for all of these outcomes, suggesting that the LIM and CES specifications are not suitable
for studying them. Specifically, the LIM and CES specifications tend to overestimate peer
effects in these cases because they cannot isolate the influence of mid-level outcome peers
without implicitly assuming that peers with the lowest or highest outcomes are also influ-
ential. Additionally, the CES specification fails to identify which part of the peer-outcome
distribution is relevant for shaping individual behavior in this context.

In the case of extracurricular activities, the CES specification identifies a negative sub-
stitution parameter, with a standard error indicating that it is statistically different from
one. This result suggests that peers with lower outcomes are more influential. Because the
influence is monotonic under this specification, one might conclude that the peers at the
bottom of the outcome distribution are the most influential. However, the quantile model
provides a more nuanced insight: the most influential peers are those around the second
quantile, while peers with the lowest outcomes exert little to no effect.

A comparable identification issue arises for self-esteem, where the CES specification yields
a highly negative substitution parameter (p = —9.940) that is not statistically different
from one due to the large variance of the estimate. This imprecision indicates that the
specification cannot clearly identify the relevant part of the peer-outcome distribution. Our
quantile specification sheds light on this imprecision, showing that peers at neither the top
nor the bottom of the distribution appear to be the most influential.

For the other outcomes with this peer effect structure (GPA, trouble at school, and
physical exercise), the substitution parameter estimates do not indicate a significant differ-
ence relative to the LIM model, whereas the monotonicity tests performed with the quantile
specification reject the hypothesis that peer effects are uniform.

These results are consistent with theories of social comparison, which suggest that align-
ing with moderately performing peers, rather than with outliers, may be socially or psycho-
logically optimal (Festinger, 1954). However, the mechanisms underlying these results may
vary across outcomes. One explanation is that, because homophily in exogenous character-
istics drives friendship formation, peers at the top or bottom of the distribution are more
likely to differ substantially from the individual, whereas peers with intermediate values tend
to be more similar and more closely connected. Moreover, friendships with high-achieving
students may not improve learning if such peers are unwilling to collaborate with friends
they perceive as weaker; in this case, these friendships may affect other outcomes rather

than academic achievement. Our results are consistent with this interpretation, as we find
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a negative (and nearly significant) effect of peers at the top of the distribution for the out-
come academic achievement. A related pattern emerges for extracurricular activities, where
highly involved peers are not necessarily more influential, as very high involvement may be
negatively perceived in an academic context.

For some outcomes, we also find that, in addition to the influence of peers with in-
termediate outcomes, peers located at the top of the distribution exert significant effects.
This pattern arises for outcomes related to potentially harmful behaviors, such as smoking,
drinking, and risky behaviors. Here again, the LIM and CES specifications are unable to
capture such nuanced structures. For these outcomes, the estimated substitution parameter
indicates that the CES specification is not statistically different from the LIM specification.

Furthermore, the results reveal cases in which peers with extreme outcomes are as in-
fluential as, or even more influential than, those with intermediate outcomes. This pattern
is observed for future expectations, academic effort, and fighting. For these outcomes, the
monotonicity assumption is not rejected. For academic effort, we observe a negative p, which
is not significantly different from one. As with self-esteem, this arises because peers at the
top of the distribution are less influential, but the large variance of the estimate indicates
that the most influential peers are not those at the bottom of the distribution.

The differences in peer effects across quantiles suggest that not all peers shape individual
behaviour. These results carry significant policy implications, particularly for identifying
key players within a network. Such identification may vary substantially across the three

models, especially in cases where peers with mid-level outcomes are the most influential.

5.3 Measuring Student Influence

This section studies the influence of students within their school. Influence is measured
by the change in the school’s average outcome when the student’s outgoing and incoming
links are removed. This corresponds to the change in the school’s average outcome in a
scenario in which the student becomes fully isolated—that is, they have no friends and are
not nominated by others. Students who are already fully isolated in the observed network
have no influence, as their influence measure is zero. For students who are not fully isolated,
removing their links can affect the outcome distribution at the game equilibrium because
the peer set for those who nominated them will change. This measure of influence is also
considered by Ballester et al. (2006) and Lee et al. (2021), who define the key player as the
student with the greatest influence.

We set the model parameters to their estimated values and compute the influence for each

student. Within each school, we rank students by assigning the highest rank to the student
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Table 5.1: Empirical Results

Quantile LIM CES
ek p? p? g g P B
Academic achievements (GPA)

0.071 0.147 0.637  -0.122 0.804 0.552 0.801
(0.045) (0.081) (0.089) (0.054) (0.048) (0.683)  (0.042)
Academic effort
0.143 0.158 0.140 0.093 0.643 -4.630 0.500
(0.032) (0.061) (0.054) (0.046) (0.116) (4.866)  (0.114)
Extracurricular activities
-0.081 0.551 0.239 -0.007 0.805 -0.171 0.699
(0.082) (0.121) (0.080) (0.021) (0.053) (0.397)  (0.035)
Future perception
0.155 0.116 0.133 0.078 0.590 0.621 0.577
(0.033) (0.087) (0.115) (0.068) (0.061) (0.776)  (0.059)
Trouble at school
0.028 0.249 0.265 0.031 0.780 0.335 0.835
(0.075) (0.112) (0.073) (0.041) (0.109) (0.361)  (0.099)
Smoking
-0.129 0.384 0.352 0.115 0.783 1.588 0.684
(0.084) (0.095) (0.055) (0.019) (0.051) (0.667)  (0.097)
Drinking
0.110 0.042 0.223 0.081 0.573 0.460 0.638
(0.134) (0.177) (0.084) (0.015) (0.087) (0.387)  (0.109)
Risky behaviors
-0.091 0.363 0.243 0.123 0.672 0.743 0.708
(0.096) (0.150) (0.082) (0.021) (0.060) (0.364)  (0.071)
Self-esteem
0.110 0.143 0.229 -0.023 0.509 -9.190 0.380
(0.050) (0.102) (0.081) (0.026) (0.169) (12.170)  (0.106)
Physical exercise
0.086 0.155 0.193 -0.004 0.614 0.841 0.596
(0.048) (0.068) (0.079) (0.047) (0.120) (0.372)  (0.077)
Fighting
0.228  -0.019 0.185 0.184 0.616 2.124 0.547
(0.078) (0.111) (0.068) (0.027) (0.071) (0.809) (0.079)

Estimates are reported without parentheses, with standard errors (clustered at
the subnetwork level) shown in parentheses. The first row indicates the model
used: quantile, LIM, or CES. The full table, including coefficients for the con-
trol variables, is available upon request.
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Table 5.2: Empirical Results — Specification Tests

Encompassing test p-value KP LM test Monotoniticy test p-value
3vs. 4 4vs. b P-value Uniform Increasing Decreasing

Academic achievements (GPA)

0.007 0.102 0.000 0.000 0.000 0.000
Academic effort
0.442 0.113 0.000 0.334 0.003 0.920
Extracurricular activities
0.023 0.584 0.000 0.000 0.000 0.000
Future perception
0.884 0.976 0.000 0.047 0.000 0.975
Trouble at school
0.859 0.021 0.000 0.007 0.000 0.000
Smoking
0.000 0.103 0.000 0.000 0.000 0.000
Drinking
0.020 0.839 0.000 0.252 0.001 0.001
Risky behaviors
0.001 0.007 0.000 0.000 0.000 0.000
Self-esteem
0.337 0.983 0.000 0.000 0.000 0.004
Physical exercise
0.983 0.232 0.000 0.005 0.000 0.021
Fighting
0.037 0.777 0.000 0.108 0.019 0.000

For the encompassing test, the columns labeled ‘a vs. b,” for integers a and b, test the
null hypothesis that the specification with a quantile levels does not perform worse than
the specification with b quantile levels. The KP test refers to the p-value of the KP LM
rank Wald test for weak instruments (Kleibergen and Paap, 2006). The columns labeled
‘monotonicity test p-value‘ report the p-values for tests where the null hypothesis is that
peer effects are uniform, increasing, or decreasing across quantile levels (see Kodde and
Palm, 1986, for Wald-type criteria for monotonicity tests).
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with the largest influence. We then compare the rankings obtained from the quantile model
to those from the LIM and CES models. Since the effect of removing a single student’s links
can be negligible in large networks, we focus on schools with fewer than 50 students.?”

Let G, be the n, x ny adjacency matrix of school g, and let Géi) denote the matrix
obtained by setting the i-th row and column of Gy to zero. Let yj(g be the outcome of

student 5 when the school network is Gf,i). The influence of student ¢ is measured by

Student ranks, normalized between 0 and 100, are presented in Figure 5.1 for selected
outcomes. Rank gaps are substantial, particularly for smoking, extracurricular activities, and
drinking. For these outcomes, some students who receive the highest influence scores under
the CES and LIM models are assigned relatively low scores under the quantile model, and vice
versa. These discrepancies reflect the non-monotonic pattern of peer effects associated with
these outcomes. Under the quantile specification, peers at the top or bottom of the outcome
distribution tend to receive lower ranks than under the other models, because the most
influential peers are those with intermediate outcome levels. In contrast, the LIM and CES
specifications cannot isolate the influence of mid-level outcome peers without simultaneously
attributing substantial weight to peers at the extremes. As a result, students connected to
peers with extreme outcome values are not assigned low ranks under these models; in the
CES specification in particular, the most influential peers are necessarily located at the top
or bottom of the peer-outcome distribution.

For the other outcomes, rank gaps are less pronounced because the pattern of peer effects
is closer to a monotonic or uniform structure. In particular, for academic effort and future
perception, the monotonicity assumption is clearly not rejected. For these outcomes, tests of
the null hypothesis that peer effects are decreasing yield p-values above 0.90 (see Table 5.2).
The hypothesis of a uniform coefficient is also not rejected, although the corresponding p-
values are weaker. Consistent with these results, the rank predictions in Figure 5.1 are
similar across the quantile, LIM, and CES specifications.

This counterfactual analysis reveals that key player status varies across the three models.
In the standard LIM model, a high outcome for a student who is not fully isolated increases
their influence (see Ballester et al., 2006), because the student is nominated as a friend
and therefore contributes substantially to the average friend outcome. Since this average

is the only aggregated measure of the peer-outcome distribution that affects individuals,

27In larger schools, a similar simulation exercise can be conducted by removing the links of a group of
students rather than just one.
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Figure 5.1: Influence Measure

The x-axis reports student ranks based on the influence measure in the quantile model, while the y-axis
reports ranks based on the LIM and CES models. Each red triangle represents a student’s LIM model rank
(on the y-axis) against their quantile model rank (on the x-axis). Each blue “x” marker represents a student’s
CES model rank (on the y-axis) versus their quantile model rank (on the x-axis).

these peers are systematically influential. In contrast, in the quantile or CES models, a
high outcome does not necessarily imply greater influence. Nevertheless, the CES model
still imposes restrictions on whether these peers are influential or not. The analysis above
shows that when peer effects are non-monotonic, the CES model does not fully overcome
the limitations of the LIM model and may misidentify the most influential students and key
players. Identifying such agents is crucial in social interactions, for example, to implement

targeted policies or to assign individuals to groups, such as students in dormitories. The
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quantile model offers a more flexible approach for conducting such analyses.

6 Conclusion

This paper introduced a model that allows for flexible patterns of peer effects. In this
model, how you affect your peer depends not only on your own outcome level but also on
the outcomes of the other peers that they have. The construction of the peer effect in the
model is flexible enough to allow us to discuss many interesting questions regarding how
the composition of a peer group affects the peer effect: complementarity v. substitutability,
non-monotonic marginal peer effects, etc. Existing peer effect models, such as the linear-in-
means (LiM) and the CES model, tend to oversimplify the dynamics of peer influence by
focusing on a single scalar parameter or assuming monotonically increasing or decreasing
marginal peer effects. This oversimplification neglects the heterogeneity within peer effects,
where individuals may experience varying degrees of influence depending on the structure and
nature of their interactions, across different empirical contexts. This paper allows researchers
to investigate richer patterns of peer interactions, with specific peers—such as the highest or
lowest performers—having disproportionately larger effects on outcomes in certain contexts.

As an operational framework, we propose a quantile-based peer effect model to solve the
dimensionality problem. There may exist alternative approaches with better finite sample
properties, which warrants future research. For example, the model can benefit from having
an estimator that has data-driven smoothness on the saturated peer effect coefficients.

In addition, this paper has only considered settings with exogenous networks. As work
on incorporating endogenous networks into peer effect models continues to develop, it would

be interesting to see if similar approaches can be applied to our model.
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APPENDIX

A Proofs

A.1 Proof for Proposition 1

We want to show that the game described by the utility function (2) has a unique Nash
equilibrium y* = (y1, ...,y}) such that yf = BR;(y*;). To achieve this result, it is sufficient
to show that the mapping BR(y) = (BRi(y-1), ..., BR,(y_»))" is a contraction. In other
words, there exists some constant 8 < 1 such that for any two strategy profiles y,y’ € R”,
BR(y_) - BR(y")| < Blly — ¥'lln for every i = 1,-+ ,n. Let 3 = maxeg 320, |Gl
From Assumption 1, 0 < g < 1.

Let 7 be the ordering of y, that is, a function that maps i to the rank of y; in y under
some tie-breaking rule. For example if y; = maxy_1 ., yx then (i) = n. Note that m,
together with the network A, therefore fully determines the mapping from y to each g, ;.
We define 7’ equivalently as the ordering of y’.

Consider first the case where m = /. The inequality holds trivially: for each 1,

IS

|BR;(y-i) — BRi(y-i')| = (Tik — 1) Broa,
1

S
sl

<D Bl -y =¥l < Bly =yl

i
I

with f = maxy Zzzl |Bk.a] < 1. The first inequality holds since y and y’ have the same order
and therefore 7; , and g, are the outcome of the same individual: ‘g]“g — ;. k’ is bounded by
|y — ¥'||co- The second equality is from Assumption 1.

The non-trivial case is when 7 # n’. To proceed, fix ¢ and k and let j be the identity of

person ¢’s kth lowest friend under 7, and j' be the identity under 7’. Consider the object

| (Gik — Ui 1) Brods

If j = j/, this quantity is bounded by |Bkq |||y — ¥'|| by a similar argument as above. If

not, we have

< | Br.d;

| (Fik — Tix) Bra, Y — Yyl

/

Let k' be the ranking of j among i’s friends under n’. Then there are two possible cases,
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either ¥’ > kor k' < k.
Case 1: k' > k. Then we have that

/

/ ~/ ~/
Yi =Yip 2 Yip = Yy
meaning y; > y,. Therefore

/

Yi =Y 2 U = ly = ¥lle =¥ > ~[ly =¥l

Where the first inequality uses y; —y; < ||y — ¥'[| and the second that y; — yj, > 0.
To get the inequality for the other sign, note that, by the pigeonhole principle, there
must be another friend of i, p, whose rank among ¢’s friends was above k& under 7 and is

lower than or equal to k& under #«’. That is
Yp <Uip =Yy and  y, > Gix = vy,

and therefore:

Yi — Yy < Yp— Yy
<y, + Iy = ¥'llc — ¥}
<y —¥'ll

Combining this with the result above gives the desired inequality: [y; — v < ||y — ¥'[|o
Case 2: k' < k. As before, this implies

y; = g];k, < gz/k = Z/;'/
and therefore
Ui =Y <Yy =¥ llo =¥ <y — ¥ lloo-

By the pigeonhole principle, we know that as &’ << k, there must be some other individual

p whose rank is higher than or equal to k under «’ but lower than k under 7. That is

Yp > Uip =Yy and  y, <Gk =y
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and therefore

Ui =Y 2 Up =Yy Y = 1Y =¥ e =¥y = =ly = ¥'ll-

Combining the two inequalities we have our desired result: |y; — 5| > |ly — ¥||oo-

Finally, by aggregating across k for the fixed 7 and then aggregating across 7, we get

d;
Z Yik — yzk Brd;| <
k=

IBR(y) — BR(Y')| . BHy Y lloo

|BRi(y_;) — BR;(y

Ny =yl <Bly =¥l

Meaning BR(y) is a contraction mapping for any y,y’.

A.2 Proof for Theorem 1

From Assumption 2, we have
E,ly,] = E,[W,]6.

Premultiplying by E,[W,|T and averaging over g implies that

plim — Z Eql W,]0 = plim l Z Ey[WylEy[y,]-

m—oo 1M m—oo 1M

Under Assumption 3, the matrix plim,, , . = > ge1 Bg[W|TE [W,] is nonsingular. Thus, ¢

is uniquely determined, and identification follows.

A.3 Proof for Proposition 2
Using Assumption 4.i and plugging in

dig

E yzg ZﬁkdE yzkg]+wzg ’}/+17 6
k=1
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we get

fLM (%zm: (z5) e [yg] _ %Xm:z By,

g9=1 g=1
Lo o S 15kdE [F1.k.0]
(E Z Z;GQEQ[YQ] m Z Z; + 0p(1).
o= o= ng ’ Br, dE [Ty k]

0p(1) term appears since

1 & SLiM ) |~ LiM 1 & LMT [(~LiM\ T ~LiM
2o () X = S (2 - P (RGN)) X
g=1

1 S LiM LMt 1 — SLiM | ~rLiM
= =372, XM - PEMTL N (XEM) XM — o, (1),
g=1 g=1

LlM

Suppose that z;, and therefore its residual z;7" are scalar variables. Then,

gun _ D DMED DT S0 By [Gieg) B
o Dge Dty Z NLIM = S By [Gik]
Zd 1 Zk 1 r}z Zg 1 Zz 1 leM]E [Gi g W dig = d}] Bra

Zd 1 7}1 Zg 12?91 (11 k 1 ~L1ME [Gi g H{di g = d}]

+ 0p(1)

+ 0,(1).

By letting

w’[;ltli\/[ _ _ o Zg 1 Z’L 1 d %;ME [yl k g]-{di,g == d}]
) d Ng 1 ’
Zd:l Zk:l % Zg:l > ith Cll ZLgM]E [?Ji,k,gl{dhg = d}]

BYM becomes

d d
BIM =N "N " wp Y dBa + op(1).

d=1 k=1

The weights satisfy the sum-to-one constraint: Zgzl S wE =1
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Likewise, for the LiS peer effect parameter, we get

Zd 121: 1 711 Zg 1 Zz 1 ZLISE [yi,k,gl{di,g = d}] ﬁk,d

ﬁLiS
Zd 1m Zg 1 >t LISE Zk:l gi,k,gl{di,g = d}

+ 0p(1)

SH

d
_ Z leSBkd + 0p(1)

d=1 k=1
where L
WS Zg P 1 Zig By [GingHdi g = d}]
Wy,a = :
Zd 1 Zk 1 7; Zg 1 > ZL SE Uik 1{dig = d}]
and zL‘S is the residual from the linear-in-sum projection P¥S. Again, the weights sum to

LiS __
When z;, is not a scalar, we can modify the argument above and get similar expressions

by replacing z; , with ¢72; ;, with some weighting c. The weighting depends on how we weight

over-identifying moments. For example, the TSLS principle uses the weighting vector
1 1 & -
A3 e (LS
g=1 g=1

misspecification weights depend on the weighting matrix when the LiM or LiS is overidenti-
fied.
O
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B Supplementary theoretical results

B.1 Spillover and Conformity in Preferences

We adopt the approach that was proposed by Boucher et al. (2024), which incorpo-
rates both spillover and conformity into the model, allowing their relative importance to be

empirically identified from the data. The utility function is given by:

d; di
1 ~ s - I . .
Ui(yi, y—i) = i — 5%2 + Z Br.a:Yilik — 5 Zﬁk,di (yi — Gik)?, (8)
—— k=1 k=1

private benefit

o
social benefit

The social benefit reflects both spillover effects and conformity between an agent’s effort
and the efforts of their peers.”® The term B 4,Yi¥ix Implies strategic complementarity be-
tween agent i’s effort and the effort of the peer with the k-th smallest effort when S5 ; > 0.
Conversely, if 8 ; < 0, then 8§ ; ;7 r, reflects strategic substitution (i.e., negative spillover)
between efforts. The term S ; (yi — Uir)? captures conformist preferences. If B 4, 1s non-
negative, agent 7 incurs a social cost when their effort deviates from the k-th smallest effort
among their peers. The case where S ; is negative (indicating anticonformity) is rare and
is not considered in this paper, as it introduces complications in the analysis.?”.

For ease of exposition, we introduce the following notation:

s Bzdi c ﬁgdi

kyd; — d; ’ kid; — d;
Ll B, Ll DL BR,

s __ s c __ c
4 = E )‘k,di and A\ .= g )‘k,di‘
k=1 k=1

, and  Apg, = Af g + Ap, for all k.

Agent i chooses their effort y; by maximizing the utility function U;(y;,y_;). By solving the

first-order condition of this maximization problem, I obtain the best response function:
d;
BRi(y_i) = (1= A5)ai + Y Aea, G- (9)
k=1

The parameter \; g4, measures the total peer effect at the k-th smallest peer effort. This

total effect is decomposed as A4, = A} 4, + Af 4., where Aj ;. captures the spillover effect and

28When i has no friends (i.e., no outgoing links or d; = 0), the utility function excludes the social benefit
term and is given by U;(y;,y—i) = auy; — %yf The corresponding optimal strategy is therefore y; = ;. An
individual without friends is referred to as isolated.

298pecifically, when Bk.a, < 0, the utility function may become convex and lack a maximizer unless the
strategy space is compact
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Ak.q; captures the conformity component. The total spillover effect across all peer efforts is
given by \j = ZZ":I 7.4,» While the total conformity parameter is A = ZZ;I o

By defining &; = (1 — AJ, ), the best response function given by Equation (9) is similar
to that in Equation (3), where &; represents the new productivity level. Therefore, Propo-
sition 1, which establishes the existence and uniqueness of the Nash equilibrium, readily
extends to the game featuring both spillover and conformity under a condition analogous to

Assumption 1, namely that ZZ;1|>\k7di| < 1.

B.2 Identification Under Spillover and Conformity

In this section, we discuss the identification of the model in the case where it includes
both spillover and conformity effects. As a; = &+ + ¢;, the reduced-form specification of

the model for a non-isolated individual (i.e., one who has friends) is:

d;
Y=Y Anadin+ (1= Ag)@ly + (1= X5 )es.
k=1

Let xi* be the vector including the components of @; that are defined for isolated agents

180 150

: denotes

(who has no friends). Specifically, !*> excludes the contextual variables. Let

the coefficient associated with 2 in 4. For isolated agents, the outcome is simply given by:

%

yi = (2°0) Ty 4 ¢,

As in Boucher et al. (2024), identifying the model’s parameters requires the presence
of isolated nodes. Given that our inference assumes many independent subnetworks, this
implies that the share of subnetworks with isolated nodes is strictly positive asymptotically.
Under the exogeneity condition in Assumption 2, we have the moment condition E,(g;) = 0,
conditional on whether ¢ is isolated or not, where E, denotes the conditional expectation
given the network and exogenous characteristics.

Let n'° be the number of isolated agents. The moment condition for isolated agents

helps identify:
1< o 1<
~ = <p1im - 2_; 1{d;, = o}miaz}> <p11m - Z_; 1{d; = O}miyi> .

Given the identification of «, we can also identify A\ and A4, for all k and d; using
the moment conditions for non-isolated agents. Indeed, this identification problem is similar

to the one studied in the main text. The only difference is that it focuses on non-isolated
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agents.

Overall, we can then identify Ay 4, which represent the total peer effect at each rank,
and the total conformity effect A7 . The total spillover effect is therefore given by A} =
ZZ;l Akd; — Ag,- However, we cannot disentangle spillover and conformity effects at each

rank separately; we can only identify their total effects across all ranks.

B.3 Consistency and Asymptotic Normality

Let Z, be the matrix of instruments in the gth subnetwork. As discussed in Section 3,
Z, includes the quantiles of x;, and Z;, among friends, which we use to instrument y, ;.
As usual, Z, also includes exogenous regressors x;, and &;,. To establish consistency and

asymptotic normality, we impose the following regularity conditions.

Assumption 5.

1 — 1 —
a. The matriz plim — W, ,Z, and plim — 7,77, are of column full rank.
E*)oo m ; 979 npiﬁ\oo m ; 9.9 f f

1 m
b. plim — ) 7,7, =0.
g=1

m—oo 11

1 & d
c. —=> Zye, 5 N(0,9%).
Vim e~

We establish the following result.

Proposition 3. Under Assumption 5, the TSLS estimator 0TS using {Zy}7e, as instru-

ments converges in probability to 6 and
Jm (éTSLS - 9) 4 N(0,Q)

with some consistently estimable covariance matrix €2, as m — oo.

Proof. Define the sample moments
8 IS T ~ IR T 8 I ¢ T
Qwz=—> WiZ, Qzz=—3> ZjZ, Qu=—> Zy,
g=1 g=1 g=1
The TSLS estimator is
~ ~ ~ ~ -1 /. ~ o
grsLs = (QWZQ}%QZW) <QWZQE§QZY) ,

45



where Qi = QIT,VZ Since y, = W0 + €4, we have
R R A -1 . R 1 &
O — 6 = <QWZQ§12QZW> QwzQzz <— Z Z;%) :
m e~

Under Part a of Assumption 5, plim QWZ = Qwz, and plim QZZ = Qzz with Qzz not
singular. Consequently, plim QWzQEIZQZW = QwzQ,;Qzw. By Part b of Assumption 5,
plim -- 3" | ZTe, = 0. Hence gTSLS converges in probability to 6, as m — co.

Moreover,
ATSLS A A—1 A 1A A—1 1 & T
V(@™ = 0) = (QurQz Q) QuzQzy (- 2; Zie, | -
Using Assumption 5(a)—(c), /m (0TS — §) 4 N(0,€), where

Q= (QI/VZQlesz)_1 QwzQ7,2.Q,,Qzw (QWZQEleZW)_I :

B.4 Reduced-form representation of the model

To illustrate why it is not possible to find lower-level conditions for Part b. of Assump-
tion 3, such as those found for the LiM model, as well as motivate our choice of instruments,
we will next derive the reduced form of our model. To begin, note that Proposition 1 guar-
antees there is a unique equilibrium y, given a realization of €,. Let 7, denote an ordering
on individuals in network g, {1,...,n,4}, in terms of their outcomes. For example, 7 (1) = 3
means that individual 1’s outcome y; 4 is the third smallest among y,. Let B,(7m,) denote a
ng X ng peer effect coefficient matrix such that its i-th row j-th column component corre-
sponds to the peer effect coefficient for individual j’s outcome on individual i’s outcome in
network g, given the ordering m,. Then, Proposition 1 implies that there is a unique 7 such
that

Yo = By(my)yy + Xgv + X0 + €

T
where €, = (eljg enwg) , and therefore

vy = (In, — IB%g(7rg))_1 (Xy7 4+ X0 + €) -
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By taking expectation over the set of every possible ordering, II, we obtain a reduced-form

representation of E,[y,|. The following corollary gives the result of this procedure.

Corollary 1. Let Assumptions 1 and 2 hold. Then, the peer effects model (1) admits a

reduced-form representation with residual terms n;:
Eq [y:] = Z‘gi,j(ij’Y +Z}0) +n;
j=1

where

Z 0, j(m)Pr, {7}

mell

=> Z 0, ;(m)E, [g;|7] - Pr,, {7}

mell j=1

and <0¢71(7r), . ,91-7”(%)) is the i-th row of the n x n matriz (I, — B(r))~". Moreover, there
also exists a reduced-form relationship between the ordered peer outcome y;r and {z;}_,,

with residual terms {7, }5—,

E yzk Zezk,] w_] 7+w5)+ﬁz,k

7=1
where
z k,j Z 91 k,j Prn {77-}
well
e = 33 G (005, [l - Pro ).
mell j=1
and <9~i,k,1(ﬂ'>7 . ,élkn(ﬂ')) is one row of the n x n matriz (I, — B()) ™", which corresponds

to the k-th lowest performing peer of individual 7.

Proof. Let 7 denote an ordering on {1, ...,n} with some tiebreaking rule, where the ordering

comes from y:
m:{l,...,n} = {1,...,n}

and 7 satisfies y-1) < ... < Yr(n). Note that 7 is a function of {&;}-,; from Proposition 1,
we have shown that there exists a unique equilibrium and thus a unique ordering for each

realization {¢;}7 . To simply notation, let &; denote both the covariates and the contextual
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effects &;, and equivalently redefine v to contain the contextual effect parameters §. Let II
denote the set of all possible orderings on {yi,...,y,}. Il is a function of {x;, a;; }; ; and the
distribution of {e;},.

For any realization of {¢;}? ; and the corresponding ordering 7, there is a reduced-form

linear relationship between {y;}; and {x;}" ;: construct a n x n matrix B(m) such that

B(r) = (By(m)
0 if a;; =0

5@'(7) = 7 1(5) :
Bi.a; for some k s.t. Zj/:1 Qin(jy =k il a; =1

B(7) takes the ordering 7 as fixed and finds the corresponding rank-dependent coefficient Sy, 4
for each of the peer outcomes. To show that (I, —B(7)) is invertible for any 7: suppose that

there is some nonzero @ € R"™ such that @ = B(7)x. Then, for some i such that |z;| = ||#]|,

|z =

> Big(m)z;
j=1

J
<D 1By - Jay) < Blaal < Jail,
j=1

leading to a contradiction; I — B(m) is full rank. Then,

Y =B(n)Y +Xy+E
Y = (1-B() ' Xy+ (I, —B(x) 'E.

We have a reduced-form linear relationship between {y;}?_, and {x;}!" ;.
Since the reduced-form relationship holds for every realization of {¢;}!, such that the
ordering 7 stays the same, we can consider a conditional expectation of the linear relationship

given the event that {g;}" ; induces the ordering m. Then

Bg[yi] =Y ) 6:(m) (7 + By [gj]71] ) - Pro {7}

mell j=1

= O™y +

i=1
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where <9ﬂ(7r), . ,(gm(ﬂ')> is the i-th row of the n x n matrix (I —B(x))™" and

Z 8;;(m)Pr, {7}

mwell

ZZ% E, [¢;|7] - Pr, {7} .

mell j=1

Likewise, by taking a different student while summing over the ordering 7, we get

yzk Zzelk,j m] 7+E [€]|7T]) 'Prn {ﬂ-}

mell j=1

= Z O ki ™y + Tl

j=1

where <¢§1~7k71(7r), e é,kn(ﬂ)> is one row of the nxn matrix (I, — B(W))fl, which corresponds

to the k-th lowest performing peer of student i, and

zk,j Zez k,j Prn {ﬂ_}

mell

m—ZZ@W E, [e;|7] - Pro {7} .

mell j=1

B.5 Encompassing test on empirical specifications

The quantile specification discussed in Subsection 2.2 has the merits of parsimony and
tractability. However, an important prerequisite for using such a restricted model specifi-
cation is determining whether the model restriction sufficiently captures the heterogeneous
pattern in the construction of peer effects, since misspecifying the model restriction can lead
to incorrect counterfactual analyses and misguided policy recommendations. To check this
empirically, we make use of the encompassing test proposed by Smith (1992), which com-
pares two possibly misspecified model restrictions. Thus, the encompassing test provides us
with data-driven guidance on the choice of the model specification.

For notational brevity, let h denote a true model, which potentially follows a tractable
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specification from Subsection 2.2
M
Yig = 3 B, + @™y + 2] ,0+ e
k=1
By stacking at the network level, we can rewrite the model as

vy = W,0+¢, (10)

where W, is the subnetwork-level matrix stacking of w;, and 6 is the model parameters
(ﬁo, o ,BM,%(S)T.

Suppose that we are given two working model restrictions h; and hy and are given two
sets of instruments specific to model restrictions {Z; g1 and {Zg y=1, While allowing (true)
h to potentially differ from both h; and hs. The encompassing test is constructed for a pair
of model restrictions. In practice, we consider a sequence of model restrictions with growing
complexity. For example, in the quantile peer effect model, we gradually increase the number
of quantile levels to include in the model restriction whenever a given specification is rejected
in favor of another specification that includes more quantile levels.

The TSLS estimators from the respective model restrictions are
1 & 1 & T
ns sy 1 STr7s STr7s s
0° = (H ) ‘m ZWQTZQ (E Z ZQTZQ) m Z ZgTy_q
g=1 g=1 g=1

s m s s m s s\~1 m s s .
where H® = - D gt WETZs (£ D gt Z:75) =+ > g1 ZgTWy for s = 1,2, To discuss the
behaviors of the two TSLS estimators under misspecification, we assume regularity on the

instruments.

Assumption 6. For any s € {1, 2},
a. plim % Z;”Zl Z3Z; is a mnonstochastic full-rank matriz
b. plim % Z;”:l Z;"W3 is a nonstochastic full-column rank matriz.
c. plim - 37" | Z5Te, = 0.

Then, we can define pseudo-true coefficient parameters

m m -1 m
6° = plim (H*) - % > Witz (% > z;Tz;) L S ZTW,0 Vs =1,2.

m
m—00 g—1 g—1 g—1
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Importantly, whenever W0 lies in the column space of W7 for every g, W;0* = W ,0; even
though the working model hg differs from the true model h, the misspecified model still
retrieves the systemic variation of the true model h. Using 6' and 6%, we rewrite Equation
(10) as:

yg=W,0°+e; Vs=1,2 (11)

where €] = g, + W, 0 — W76°.
The encompassing test (Smith, 1992) assesses whether the first model specified with hy

and therefore 8! replicates the features of the second model specified with hy. Let

m m

m -1
g = plim (H2) " 5 w2z (é 2. Z§TZ§> % Y z2e.

m
m—oo =1 =1 =1

m
g:]_7

1 is the TSLS estimand of regressing {E; the residual vectors under the first model
restriction, on the second model restriction regressors {Wg};”’:l using the second model
restriction instruments {ZZ}’;:l. 1 # 0 suggests that features of the observed data relevant
for the specification with hy are not completely captured by the model with hy, leading
to instrumented variation of Wg being correlated with 8;. In that case, the first model
restriction must be rejected in favor of the second.

The test statistic of the encompassing test is
1 1 T
N 2\ 1 2Trz2 2Trz2 2T A1
w_(H) 'Ezwg Zg(EZZQ Zg) EZZQ €
g=1 g=1 g=1

where é; =y, — W;él. Proposition 4 is the formal asymptotic normality result for the test

statistic.

Proposition 4. Under Assumptions 2 and 6, and the reqularity conditions of Assumption 7
(see Appendiz B.6):

a. 1& is a consistent estimator of 1.

b. \/ﬁ(zﬂ — 1)) converges weakly to N(0,82,). See Appendiz B.6 for details on the asymp-

totic variance Cy.
Proof. See Appendix B.6. O

Since the é:; is obtained from an initial regression, the asymptotic variance of \/m(ﬁ —1))
depends on the sampling variability from this initial regression as well; a naive IV standard

error obtained from treating é; as E; would be invalid. Another important complication
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in the asymptotic theory is that both h; and hy may differ from h, neither being correctly
specified. We therefore use an approach similar to those employed under misspecified moment
functions to derive the asymptotic distribution (Hall and Inoue, 2003).

A merit of the encompassing test is that it remains consistent even when both models are
misspecified, under some conditions. Note that the test statistic is asymptotically centered

around . Thus, the test is consistent as long as ) # 0 under an alternative. Since

-1
1 & 1 & 1 &
— H2 -1 = WQTzQ - Z2Tz2 - Z2T 1
Y = (H?) m; g g m; g “g m; g €g

~1
1« 1« 1
= )T W7 (5 > :ZETZ§> — D 2 (Wy0 = W',

g=1 g=1 g=1

1 equals to a zero vector if and only if the structural part of the true model, W0, and its

approximation under the first model restriction, W;@l, are equivalent from the persepctive
of

-1
1 & 1 &

2\—1 2Trz2 2Trz2 2T

(H) -E§W9Z9<E§Z9ZQ> Zg.
g=1 g=1

Thus, even though the test seemingly tests the null hypothesis of the first model restriction
against the alternative hypothesis of the second model restriction, the test still has power

against an alternative hypothesis which is not the second model restriction, as long as (H?) !

-1
1N\ 2772 (1 N~ rp2Trg2 2T N
=3 =1 Wy Z <m > g=1 L Zg> Z;, preserves the nonzero directions of

(W0 — Wigtym .

B.6 Proof for Proposition 4

We start by showing that 7,@ is consistent for :

-1
— . Ol 1 « 1 « .
g o= i (00" LS wg (L3 ) S e )
-1
B 2*1lm 2Trz2 im2T2 lm2T<_ 1A1_1)
= plim (H?) m;vvg Z? m;zgzg> m;zg y, — Wiot — €}
-1
1 2*1lm 2Trz2 im 2Trz2 im 2T 1(1_%)_
= plim (FT%) m;vvgzg m;zgzg> m;zgwg 0' —0') =0.
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The second and third equalities use y, = W;@l—f—e;. The last equality holds from Assumption
6. This completes the proof of the first statement of the proposition.
To show that /m(¢) — 1) is asymptotically normally distributed, we define

~ 1 yxr2
gy =€, — W1,

where €, is the error term of the linear approximation of €; onto Wg. Recall that ¢ =

0 when h; is true. The main challenge in deriving the asymptotic distribution is that

1

hy may be misspecified, in which case both E/[e;] and E/[€,] may differ from zero. Let

1 « 1 ' 1
u; = EZZ;TFS;, Uy = EZZET‘%Q' For s = 1,2, let us3 = EZVQC (W;TZZ) and
g=1 g=1 g=1
1 m
Usy = — Z vec (ZZTZZ), where the operator vec vectorizes a matrix by stacking its columns
m
g=1
sequentially. Lastly, let w = (ul, ul, ul, ul,, ul,, ul,)’. We introduce the following
conditions.

Assumption 7.

a. For any s € {1, 2}, plim (u;3 — E[us3]) = 0 and plim (us4 — E[us4]) = 0.

m—0o0 m—00

b. plim (u; — E[u;]) = 0 and plim (uy — Efus]) = 0.

m—o0

c. vm (u — E[u]) converges in distribution to N (0, £,).

Assumption 7 imposes weak regularity conditions to establish the asymptotic distribution
of \/ﬁ(@z — ). Conditions a. and b. follow from the weak law of large numbers applied to
Up, U2, Us3, and w4, which are sample means. Condition c. follows from standard central
limit theorems (CLT) because u is a sample mean. The reason for also requiring the CLT
to apply to us 3 and w4 is that E[u;] and E[us] may differ from zero when both hy and hs
are misspecified (Hall and Inoue, 2003). We have

m -1 m
—vm(E) S Wz (LS ) S e v
g=1 g=1
-1

_ \/E(H2)_1% Y wrrz % S 727 % > 72 (v, — Wi ) = vimu
g=1 g=1 =

g=1

m m -1 m
= V(@) LS Wz (S ) LS T (W -0 ) - Vi
g=1 g=1 g=1
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m m -1 m
V) S (L) LS (w0 va)
g9=1 g=1 g=1

m

m m -1 m
vy LS w1y ) LY e

g=1 g=1 g=1
m m -1 m
v S (LS ) e,
g=1 g=1 g=1

-1
1 m 1 m 1 m
)W (L) Ly

1
g

results from the misspecified moment condition framework (see Hall and Inoue, 2003). Specif-
ically, Assumption 7 guarantees that \/ﬁ(z/} — 1) weakly converges to a normal distribution

with mean zero. The exact expression of the asymptotic variance depends on €2, and is

From the last equation, even though E[Z]"e}] and E[Z2'¢ ] are not zero, we can adapt

given in (Hall and Inoue, 2003). In practice, we estimate this asymptotic variance using a

paired bootstrap method.
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C Swupplementary Simulation Results

C.1 Comparing OLS and TSLS estimates

Table C.2 compares the OLS estimator and the TSLS estimator using ordered peer co-
variates as instruments in a sparse network setting, setting d = 2. We estimate the models
with small samples, consisting of either 2 or 5 networks, implying either 100 or 250 total
observations. All estimators include network fixed effects.

As expected, OLS is biased, and the bias is unaffected by the sample size. However, when
we increase the strength of the covariates by increasing their coefficients in absolute value,
the bias in the OLS estimator decreases. This is caused by the increased covariate strength
reducing the relative share of endogeneity in the outcomes, which then reduces the impact

of the reflection bias.

C.2 Simulations without contextual effects

For completeness, we here present our simulation results from the same DGP as the main
text, except we have removed the contextual effects. The results are qualitatively similar,
with any differences likely stemming from the relative increase in €’s share of the variance

in the outcomes.
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Table C.1: Comparison between the OLS estimator and the TSLS estimator

Bias MSE

o @ 6 @ G © O 6

Panel A: Rank Models

APLS -0.021 -0.026 -0.022 -0.038  0.009 0.010 0.005 0.007
oFS 0.044 0.021 0.033 0.017 0.006 0.002 0.003 0.001
QL8 -0.013 -0.007 0.006  0.004 0.004 0.001 0.002 0.001
AV 0.001  0.001 0.001 -0.002  0.010 0.010 0.005 0.006
v 0.012 0.003 -0.000 0.001 0.012 0.002 0.007 0.002
v -0.008 -0.002 0.002  0.000 0.011 0.002 0.007 0.001

Panel A: Quantile Models

QLS -0.023 -0.027 -0.023 -0.038 0.009 0.010 0.005 0.007
BOLS 0.034 0.016 0.027 0.015 0.004 0.001 0.002 0.001
pOLS -0.004 -0.002 0.012 0.006 0.003 0.001 0.001 0.000
vV 0.001  0.001 0.001 -0.002 0.009 0.010 0.005 0.006
BV 0.003 0.001 -0.001 0.000 0.006 0.001 0.002 0.001
pv -0.001 -0.001 0.001 0.000 0.005 0.001 0.002 0.001
y 1 2 1 2 1 2 1 2

networks 2 2 5 5 2 2 5 5

Notes: The values of the coefficients used in DGP are as follows: vg = v % (1, 0.25) and = (0.2,0.5).
The instruments used in TSLS estimation for the rank models are peers’ covariates ordered by their own
values. The quantile models use the quantiles of the distribution of each covariate amongst a persons
peers.
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Table C.2: Comparison between the OLS estimator and the TSLS estimator

Bias MSE

o @ 6 @ G © O 6

Panel A: Rank Models

APLS -0.005 -0.003 -0.001 -0.001 0.009 0.009 0.005 0.005
oFS 0.027 0.008 0.030 0.010 0.003 0.001 0.002 0.001
QL8 -0.025 -0.007 -0.027 -0.009  0.003 0.001 0.002 0.001
AV 0.003 0.003 -0.001 -0.001 0.009 0.009 0.005 0.005
v 0.005 0.001 0.002 0.001 0.010 0.002 0.009 0.002
v -0.005 -0.001 -0.002 -0.001 0.009 0.002 0.008 0.002

Panel A: Quantile Models

QLS -0.005 -0.002 -0.003 -0.002 0.009 0.009 0.005 0.005
BOLS 0.017 0.005 0.018 0.006 0.002 0.001 0.001 0.000
pOLS -0.016 -0.004 -0.016 -0.005 0.002 0.000 0.001 0.000
vV 0.002 0.002 -0.001 -0.001 0.009 0.009 0.005 0.005
BV 0.000 -0.000 0.001  0.000 0.003 0.001 0.002 0.001
pv -0.000  0.000 -0.000 -0.000 0.003 0.001 0.002 0.001
y 1 2 1 2 1 2 1 2

networks 2 2 5 5 2 2 5 5

Notes: The values of the coefficients used in DGP are as follows: vg = v % (1, 0.25) and = (0.2,0.5).
The instruments used in TSLS estimation for the rank models are peers’ covariates ordered by their own
values. The quantile models use the quantiles of the distribution of each covariate amongst a persons
peers.
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Table C.3: Finite sample performance of Rank and Quantile models

Bias MSE

oW @ 6 @ 6 © @ @ 9 (10

Panel A: Saturated model

P12 -0.001 -0.001 -0.001 -0.000 0.000 0.007 0.007 0.004 0.002 0.001
B22 0.001 0.001 0.001 0.000 -0.000 0.006 0.006 0.004 0.002 0.001
Bis -0.007 0.012 -0.001 0.000 0.000 0.088 0.067 0.060 0.015 0.015
P25 0.012 -0.022 0.003 0.003 -0.003 0.323 0.288 0.260 0.092 0.135
B35 -0.008 0.005 -0.004 -0.011 0.005 0.352 0.312 0.281 0.240 0.271
Bas 0.014 0.010 0.007 0.012 -0.003 0.253 0.271 0.161 0.169 0.147
Bs5 -0.010 -0.004 -0.005 -0.005 0.001 0.084 0.072 0.045 0.027 0.015

Panel B: Restricted model

Br  0.008 0.001 -0.003 -0.000 -0.001 0.035 0.047 0.022 0.005 0.003
Br, -0.024 0.001 0.008 -0.002 0.001 0.227 0.335 0.160 0.047 0.027
Br,  0.022 -0.002 -0.005 0.004 -0.000 0.224 0.289 0.138 0.056 0.030

Br, -0.006 0.001 0.000 -0.002 -0.000 0.034 0.033 0.016 0.008 0.004

ng 5 10 20 50 100 5 10 20 50 100

d 5 5 5 5 5 5 5 5 5 5

Notes: The data generating process is the quantile model with 3, = (—0.05,0.35,0.15,0.1). n, gives the
number of networks used in the simulation and d is the maximum number of peers for each individual.
All the simulations include network fixed effects. The instruments used is the distribution of the peers
covariate values, as measured either by the ranked peer covariate values or the quantiles of peer covariate
values. The results are based on 10,000 draws.
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Table C.4: Monte Carlo Simulations — Encompassing tests

2 qtls. vs. 3 qtls.

3 qgtls. vs. 4 qtls.

4 qtls. vs. 5 qtls.

5% 10% 5% 10% 5% 10%
DGP A: § = (0,0.05,0.2,0.3)
1.000 1.000 0.201 0.307 0.008 0.020
DGP B: 8 = (0.3,0.2,0.05,0)
1.000 1.000 0.987 0.994 0.013 0.027
DGP C: § = (0,0.275,0.275,0)
1.000 1.000 0.999 1.000 0.008 0.021
DGP D: § = (0.275,0,0,0.275)
0.011 0.023 0.008 0.016 0.012 0.026
DGP E: 3 = (—0.05,0.35,0.15,0.1)
1.000 1.000 1.000 1.000 0.010 0.023
DGP F (LIM model): g = 0.55
1.000 1.000 0.991 0.997 0.703 0.815

The columns labeled “a qtls. vs. b qtls”, for integers a and b, report the share of
rejections of the null hypothesis that the model with a quantile levels does not per-
form worse than the model with b quantile levels, at the significance levels indicated

in the second row.
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Table C.5: Monte Carlo Simulations — Estimation of the Quantile Specification

Quantiles LIM CES
ek B2 3? foh B p B
DGP A: 5= (0,0.05,0.2,0.3)
-0.000  0.050 0.200 0.300 0.544 34.759 0.554

(0.004) (0.018) (0.037) (0.025)  (0.003)  (12.301) (0.004)

DGP B: 8 = (0.3,0.2,0.05,0)
0.300  0.200  0.050  0.000 0.544 -3.165  0.530
(0.006) (0.027) (0.049) (0.030)  (0.004) (0.165)  (0.003)

DGP C: 8 = (0,0.275,0.275,0)
0.000 0275 0275  0.000 0.544 2.918  0.552
(0.004) (0.020) (0.040) (0.027)  (0.003) (0.243)  (0.003)

DGP D: 8 = (0.275,0,0,0.275)
0.275  -0.000  0.000  0.275 0.555 1102 0.545
(0.005) (0.023) (0.044) (0.028)  (0.003) (0.132)  (0.003)

DGP E: 8 = (—0.05,0.35,0.15,0.1)

0.050  0.350  0.150  0.100 0.543 4696  0.556
(0.004) (0.020) (0.039) (0.026)  (0.003) (0.553)  (0.003)

DGP F (LIM model): 8 = 0.55

0.112  0.198  0.093  0.147 0.550 1.001  0.550
(0.005) (0.024) (0.046) (0.029)  (0.003) (0.078)  (0.003)

The models are simulated and estimated 1,000 times. Values without parenthe-
ses represent average peer effect estimates, while those in parentheses correspond
to standard errors. The instrument matrix includes the quantiles of  and &
among friends, computed at ten levels uniformly spaced between 0 and 1. DGPs
A-F are generated from the proposed quantile-based model, with four quantiles
at {0, 1/3, 2/3, 1}, and B = (B°, B, B2, B%) is the vector of peer effects at
each quantile. DGP F follows the standard LIM model with only spillover ef-
fects, where 8 = 0.55. All estimations account for unobserved subnetwork het-
erogeneity using fixed effects.
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D Supplemental results on the empirical application

Table D.1: Sample size

Outcome n

Academic achievements (GPA) 70 022
Academic effort 76 261
Extracurricular activities 79 694
Future perception 75 822
Trouble at school 76 206
Smoking 74 904
Drinking 74 741
Risky behaviors 75 545
Self-esteem 71 649
Physical exercise 71 683
Fighting 71 606
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Table D.2: Empirical Results with five quantile levels or without isolated students (IS)

Five quantile levels Four quantile levels without IS
ok 32 3 B B° B 3 3° B
Academic achievements (GPA)

0.011 0.225 0.174  0.464 -0.129 0.061 0.176  0.641  -0.115
(0.054) (0.104) (0.139) (0.135) (0.073) (0.045) (0.082) (0.090) (0.054)
Academic effort
0.110  0.157  0.110  0.073  0.106 0.144  0.151 0.147  0.099
(0.038) (0.068) (0.075) (0.065) (0.051) (0.032) (0.061) (0.055) (0.047)
Extracurricular activities
-0.192  0.649  0.046  0.209 -0.015 -0.085  0.552  0.249  -0.004
(0.097) (0.155) (0.139) (0.076) (0.022) (0.080) (0.118) (0.079) (0.021)
Future perception
0.157  0.030  0.166  0.073  0.068 0.149  0.138  0.167  0.073
(0.035) (0.085) (0.131) (0.139) (0.082) (0.033) (0.086) (0.115) (0.068)
Trouble at school
0.122  -0.147  0.501 0.043  0.037 0.035  0.242  0.275  0.028
(0.097) (0.153) (0.122) (0.088) (0.046) (0.075) (0.113) (0.074) (0.041)
Smoking
-0.082  0.227  0.245 0.279  0.085 -0.107  0.365  0.373  0.122
(0.107) (0.139) (0.092) (0.048) (0.022) (0.083) (0.095) (0.055) (0.019)
Drinking
0.018  0.205 0.045 0.120  0.081 0.127  0.043  0.235  0.080
(0.204) (0.333) (0.195) (0.068) (0.016) (0.137) (0.180) (0.083) (0.015)
Risky behaviors
-0.089  0.441  -0.065 0.321 0.085 -0.082  0.383  0.251 0.123
(0.130) (0.219) (0.158) (0.083) (0.024) (0.095) (0.150) (0.082) (0.021)
Self-esteem
0.126  0.038  0.202 0.121  -0.026 0.112  0.157  0.239  -0.021
(0.058) (0.134) (0.181) (0.106) (0.026) (0.050) (0.101) (0.082) (0.025)
Physical exercise
0.113  0.001 0.232 0.130  -0.040 0.092  0.164  0.193  -0.003
(0.055) (0.077) (0.085) (0.096) (0.059) (0.048) (0.070) (0.081) (0.047)
Fighting
0.287 -0.088  0.067  0.160  0.165 0.236  -0.012 0.203  0.183
(0.104) (0.157) (0.112) (0.067) (0.030) (0.079) (0.112) (0.068) (0.027)

This table reports supplemental results from the empirical application using a model with
five quantile levels (from 0 to 1, spaced by %) and a model with four quantile levels, as
in the paper, but excluding isolated students (i.e., those with no friends).
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Table D.3: Comparison of OLS and IV Estimates

OLS v Hausman
ek 2 3 e ek 3 3 gt (p-value)
Academic achievements (GPA)
0.051 0.144  0.220  -0.027 0.061 0.176  0.641  -0.115 0.000
(0.009) (0.016) (0.017) (0.012) (0.045) (0.082) (0.091) (0.055)
Academic effort
0.027  0.045  0.075  0.004 0.144  0.151 0.147  0.099 0.000
(0.005) (0.010) (0.008) (0.008) (0.032) (0.062) (0.055) (0.047)
Extracurricular activities
0.008  0.205  0.083  0.004 -0.085  0.552  0.249  -0.004 0.000
(0.019) (0.019) (0.016) (0.005) (0.081) (0.118) (0.079) (0.021)
Future perception
0.028  0.064  0.065 -0.032 0.149  0.138  0.167  0.073 0.000
(0.006) (0.015) (0.019) (0.014) (0.032) (0.087) (0.114) (0.067)
Trouble at school
-0.050  0.083  0.048  -0.007 0.035  0.242  0.275  0.028 0.000
(0.016) (0.017) (0.012) (0.006) (0.075) (0.114) (0.074) (0.042)
Smoking
-0.106  0.239  0.299  0.055 -0.107  0.365  0.373  0.122 0.000
(0.023) (0.023) (0.012) (0.004) (0.084) (0.095) (0.055) (0.019)
Drinking
-0.141  0.126  0.173  0.020 0.127  0.043  0.235  0.080 0.000
(0.040) (0.057) (0.023) (0.004) (0.135) (0.178) (0.084) (0.015)
Risky behaviors
-0.176 ~ 0.290  0.125  0.030 -0.082  0.383  0.251 0.123 0.000
(0.026) (0.033) (0.016) (0.005) (0.094) (0.149) (0.082) (0.021)
Self-esteem
0.038  0.063  0.018 -0.015 0.112  0.157  0.239  -0.021 0.000
(0.008) (0.017) (0.014) (0.003) (0.050) (0.101) (0.082) (0.025)
Physical exercise
0.038  0.088  0.080  -0.029 0.092  0.164  0.193  -0.003 0.000
(0.007) (0.011) (0.013) (0.009) (0.048) (0.068) (0.081) (0.048)
Fighting
-0.045  0.098  0.069  0.031 0.236  -0.012 0.203  0.183 0.000
(0.018) (0.020) (0.010) (0.005) (0.079) (0.112) (0.068) (0.027)

This table reports supplemental results from the empirical application where the model is
estimated by OLS. The IV results correspond to the main estimates reported in the paper.
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E Constructing Sample quantiles

When d; = 0, we set §¥ = 0 for k = 1,..., M. This decision is innocuous if the model
includes separate intercepts for isolated and non-isolated individuals. When d; = M > 0, we
simply let §F = i for k=1,..., M.

When d; > 0 and d; # M, we compute sample quantiles using linear interpolation. For
a given quantile index k and sample size d;, we first compute the (possibly non-integer)
position h(k,d;) = £=L(d; — 1) + 1, which maps the quantile level (k — 1)/(M — 1) to a
location within the ordered peer outcomes {f;x}¢-,. When h(k,d;) is not an integer, the
k-th sample quantile §¥ is obtained by linearly interpolating between the two peer outcomes
|h(k,d;)| and |h(k,d;)| + 1, weighted by their respective distances from h(k, d;):

i, [ h(k,ds)) if h(k,d;) = [h(k,d;)]
77 =S (ki) — [h(Ey di)]) G ageds) 1
+(Lhk, di)] +1 = 1k, dy)) Ginkayy i Ak, di) # [B(k, d;)]

This definition of the sample quantile is popular and is known as the Type 7 sample quantile
(see Hyndman and Fan, 1996).
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